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Abstract—We study the Gaussian Gilbert-Elliott channel, which
is a communication channel modeled as a two-state hidden
Markov process with Gaussian observation variables. We derive
the generalized mutual information (GMI) with a memoryless
Gaussian mixture decoding metric and standard Gaussian inputs.
We show that the GMI equals the mutual information of the
additive Gaussian mixture noise channel. Furthermore, we derive
the GMI using blockwise Gaussian mixture decoding metrics and
show that it is monotonically increasing in the length of the
decoding block memory, converging to the corresponding mutual
information rate as the block length tends to infinity.

I. INTRODUCTION

The Gilbert–Elliott channel [1], [2] has long served as a
canonical model for bursty error behavior in communication
systems. In its classical form, the channel is a binary-input
binary-output channel with a binary input-independent additive
noise process governed by the two-state Markov chain. Many
practical channels encountered in modern communication sys-
tems produce outputs that take on real values. Examples
include fading channels with real- or complex-valued gains,
and/or additive noise processes with Gaussian or non-Gaussian
statistics. In such settings, restricting the observation alphabet
to be discrete oversimplifies the channel model and limits the
scope of the information-theoretic analysis.

To address this limitation, we extend the Gilbert–Elliott
model to the continuous setting. The hidden state process
retains its Markovian structure, governing the evolution of
channel conditions, while the output process is described by
Gaussian probability density functions (PDF) associated with
each state. If the transmitter and receiver have perfect channel
state information, the channel capacity is known [3]. Without
information on the channel state or its transition structure, the
capacity reduces to that of an arbitrarily varying channel [4].
This paper explores the intermediate scenario where the channel
transition structure is known.

Under independent and identically distributed (i.i.d.) Gaus-
sian inputs, we first derive the generalized mutual information
(GMI) using a naive additive white Gaussian noise (AWGN)
decoder, also known as the nearest-neighbor decoding metric
[5]. We then study the GMI under Gaussian mixture decoders.
For memoryless decoding metrics, we prove that a Gaussian
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mixture decoder achieves a GMI that is no worse than that of
the nearest-neighbor decoder. Moreover, by applying blocks of
Gaussian mixture decoders, we show that the GMI increases
monotonically with the blocklength and recovers the achievable
rate asymptotically.

Notation: Continuous scalar random variables are denoted
by capital letters, their realizations by respective lowercase
letters, and their alphabets by corresponding calligraphic letters.
For a random variable X taking values in X ∈ R, we denote its
PDF by pX(·). For continuous vector-valued random variables
of length n, we write Xn by xn = (x1, x2, · · · , xn) ∈ Xn,
and denote the joint PDF by pXn . We denote the Gaussian
PDF with zero mean and variance σ2 by N (x; 0, σ2). A
Gaussian mixture density with K components is written as∑K
k=1 wkN (x; 0, σ2

k), where wk ≥ 0 and
∑K
k=1 wk = 1.

Information-theoretic quantities are denoted with the usual
conventions, namely differential entropy h(X) and mutual
information I(X;Y ). The expectation operator is denoted by
E(·). Base-2 logarithms are assumed unless otherwise stated.

II. PRELIMINARIES

A. Two-State AWGN Channel Model

The Gaussian Gilbert-Elliott channel is described by the two-
state Markov chain in Fig. 1. When the channel is in the good
state, transmission occurs over an AWGN channel with variance
σ2

g . Likewise, when the channel is in the bad state, transmission
occurs over an AWGN channel with variance σ2

b > σ2
g . In other

words, the channel transition law p(y|x, s) is determined by the
AWGN channel corresponding to the state, and state transitions
are governed by the Markov chain in Fig. 1. Analogously
to the Gilbert-Elliott channel, this two-state Gaussian model
is a finite-state Markov channel that is indecomposable, i.e.,
the effect of the initial state dies away with time, and non-
anticipatory, i.e., the current output is statistically independent
of all future inputs [3, Sec. 5.9]. We denote the steady-state
distribution of the Markov chain by [πg, πb] =

[
g
g+b ,

b
g+b

]
.

This channel can be interpreted as an additive-noise channel,

Y n = Xn + Zn (1)

where xn is the input sequence, Zn being the signal-
independent hidden Markov noise sequence, and Y n is the
corresponding channel output. Conditioned on the underlying
state, the noise samples are i.i.d. white Gaussian noise, with
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Fig. 1. Two-State Gaussian channel model.

variance depending on the state. We consider the case where
input sequences Xn are subject to the average power constraint

1

n
E[‖Xn‖2] ≤ P. (2)

We consider coded communication with codebook C =
{xn(1), . . . , xn(M)} as the set of all M codewords of length
n, that is, xn(i) ∈ Xn. The rate of the code is defined as
R = 1

n logM .
No closed-form single-letter expression for the entropy rate

of the noise process is known. Consequently, the channel
capacity admits only the multi-letter characterization

C = lim
n→∞

max
pXn : 1

nE[‖Xn‖2]≤P

1

n
I(Xn;Y n). (3)

In principle, the capacity-achieving distribution for channels
with memory generally requires input memory. In this work
we adopt a memoryless i.i.d. Gaussian input with variance P
because the absence of the channel state information at the
transmitter precludes adaptive signaling that tracks the hidden
Markov state. The penalty incurred by i.i.d. Gaussian inputs
is often modest in practice, especially when the channel state
dynamics are slow, or the noise variance ratio is moderate. For
slowly varying fading channels, it is well-known that the loss
from non-adaptive i.i.d. signaling is small [6].

B. Mismatched Decoding Framework
Mismatched decoding is the setting by which the decoder

outputs the message m̂ that maximizes a given decoding metric,
not necessarily the channel likelihood (see e.g. [7])

m̂ = arg max
i∈{1,...,M}

qn(xn(i), yn). (4)

While typically employed to model channel uncertainty and
low-complexity decoding, mismatched decoding can also be
employed as a means to derive achievable rates of channels that
admit a complicated characterization by employing decoding
metrics that are simpler to manipulate than the actual channel.

The GMI is a simple achievable rate [8], whose multi-letter
version can be expressed as [7]

Igmi(P )

= sup
τ≥0

lim
n→∞

1

n
E
[

log
qn(Xn, Y n)τ∫

supp(x̄n)
p(x̄n)qn(x̄n, Y n)τ dx̄n

]
.

(5)

Under i.i.d. input and a memoryless decoding metric

qn(xn, yn) =

n∏
i=1

q(xi, yi), (6)

we choose τ = 1 and write (5) as

Igmi(P )

= lim
n→∞

1

n
E

[
n∑
i=1

log
q(Xi, Yi)∫

R p(x̄)q(x̄, Yi) dx̄

]
(7)

= lim
n→∞

1

n

∑
sn

P (sn)

n∑
i=1

E
[

log
q(Xi, Yi)∫

R p(x̄)q(x̄, Yi) dx̄

∣∣∣∣Si = si

]
(8)

= πgI
G
gmi(P ) + πbI

B
gmi(P ) (9)

where the last equality follows from the method of types and
stationarity of the Markov chain [9], with

Is
gmi(P ) =

∫
R
p(x)

∫
R
p(y|x, s) log

q(x, y)∫
R p(x̄)q(x̄, y) dx̄

dy dx

(10)
for s ∈ {G,B}.

In particular, we choose q(xi, yi) to emulate a single AWGN
channel that employs nearest-neighbor decoding [5], i.e.,

q(xi, yi) = N (yi − xi; 0, σ2
d) (11)

where σ2
d is a decoder parameter subject to optimization. The

optimal decoding parameter that maximizes the GMI can be
determined by setting the partial derivative to zero, yielding

σ2
d
∗

= πgσ
2
g + πbσ

2
b. (12)

Therefore, we conclude that the best achievable rate using a
memoryless Gaussian decoding metric is

Igmi(P ) =
1

2
log

[
1 +

(
πgSNRg

−1 + πbSNRb
−1
)−1

]
, (13)

which agrees with the result in [5] for i.i.d. noise. In other
words, this GMI reduces to the capacity of an equivalent
AWGN channel whose SNR is the harmonic mean of the
SNRs of the individual state channels, with SNRg = P

σ2
g

and SNRb = P
σ2
b

. Although this nearest-neighbor decoding
metric leads to a single-letter expression of the GMI, it has
to compromise between the low- and high-variance regimes.
To overcome this limitation while retaining tractability, we
consider a Gaussian mixture decoding model that preserves
the bimodal nature of the noise distribution. We first consider
a memoryless decoding metric based on a Gaussian mixture
model. We then extend this approach to blockwise Gaussian
mixture decoding, allowing the metric to partially capture the
temporal memory of the channel.

III. GAUSSIAN MIXTURE DECODING METRIC

In this section, we choose i.i.d. Gaussian input distribution,
and assume a Gaussian mixture decoding metric with K
components that ignores the channel memory as in (6) with

q(x, y) =

K∑
k=1

wkN (y − x; 0, σ2
k) (14)

where
∑K
k=1 wk = 1, and wk and σ2

k are decoder parameters
over which we allow optimization.



Building on the decomposition in (9) and (10), we next
establish the optimal Gaussian mixture decoding parameters
that maximize the GMI.

Theorem 1. Under the memoryless Gaussian mixture decoding
metric in (14) and fixed input distribution N (x; 0, P ), the GMI
is maximized when the decoding parameters satisfy

q∗(x, y) = πgN (y − x; 0, σ2
g) + πbN (y − x; 0, σ2

b). (15)

Proof. For the denominator of (10), it follows from the convo-
lution of Gaussian densities that∫

R
p(x̄)q(x̄, y) dx̄ =

K∑
k=1

wkN (y; 0, P + σ2
k) (16)

:= q(y) (17)

where q(y) denotes the output density induced by the Gaussian
mixture decoding metric.

The state-dependent GMI in (10) simplifies into

Is
gmi(P ) = EN (x;0,P )×N (y−x;0,σ2

s )

[
log

q(X,Y )

q(Y )

]
(18)

= EN (0,σ2
s )[log q(Z)]− EN (0,P+σ2

s )[log q(Y )] (19)

where the second equality follows by writing Y = X+Z with
N (z; 0, σ2

s ) independent of X , and by marginalizing over X .
By substituting the above expression into (9), we obtain

Igmi(P )

=

∫
R

[
πgN (0, σ2

g) + πbN (0, σ2
b)
]

log q(z) dz

−
∫
R

[
πgN (0, P + σ2

g) + πbN (0, P + σ2
b)
]

log q(y) dy

(20)
= Ep[log q(Z)]− Ep[log q(Y )] (21)
= h(pY ) +D(pY ‖qY )− h(pZ)−D(pZ‖qZ) (22)

where we denote

p(z) := πgN (z; 0, σ2
g) + πbN (z; 0, σ2

b) (23)

p(y) := πgN (y; 0, P + σ2
g) + πbN (y; 0, P + σ2

b). (24)

For the optimal GMI, we solve

I∗gmi(P ) = h(pY )− h(pZ) + max
q

[
D(pY ‖qY )−D(pZ‖qZ)

]
(25)

= Igm(X;Y ) + max
q

[
D(pY ‖qY )−D(pZ‖qZ)

]
(26)

where Igm(X;Y ) = h(pY )− h(pZ) is the mutual information
of the additive Gaussian mixture noise channel with distribution
(23) under Gaussian inputs. Since the output distributions can
be written as convolution of the input and noise distributions,
i.e.,

p(y) = p(z) ∗ N (0, P ), q(y) = q(z) ∗ N (0, P ), (27)

it follows from the data-processing inequality that

D(pY ‖qY ) ≤ D(pZ‖qZ), (28)

as the KL divergence cannot increase when both distributions
pass through the same kernel. Equality, yielding a maximum
of zero divergence difference in (26), is achieved by setting
p(z) = q(z) and p(y) = q(y) and identifies the optimal
decoding distribution in (15).

This optimal choice of Gaussian mixture decoding metric
in (15) achieves equality in (28). Thus, we conclude that
the optimal GMI in (26) simplifies to the mutual information
Igm(X;Y ), as stated in the following corollary.

Corollary 1. For the continuous Gilbert–Elliott channel with
i.i.d. Gaussian input, the best GMI under a memoryless Gaus-
sian mixture decoding metric is given by

Igmi(P ) = Igm(X;Y ), (29)

the mutual information with Gaussian inputs of the additive
Gaussian mixture channel with noise distribution (23).

Proposition 1. The GMI under a memoryless Gaussian mixture
decoding metric is upper bounded by

Igmi(P ) ≤ πgI(X;Y |S = G) + πbI(X;Y |S = B), (30)

which coincides with the mutual information achievable under
perfect channel state information at the receiver (CSIR).

Proof. For notational convenience in this proof, we write the
mutual information as I(pX ; pY |X), which is equivalent to
I(X;Y ). We know from Theorem 1 that

Igmi(P ) = I
(
pX ;πgN (z; 0, σ2

g) + πbN (z; 0, σ2
b)
)

(31)

≤ πgI
(
pX ;N (z; 0, σ2

g)
)

+ πbI
(
pX ;N (z; 0, σ2

b)
)

(32)

where the inequality follows from Jensen’s inequality since, for
a fixed input distribution pX , the mutual information is convex
in the channel transition law pY |X .

Proposition 2. With i.i.d. Gaussian inputs, the GMI under a
memoryless Gaussian mixture decoding metric is no worse than
that under a nearest-neighbor decoding metric.

Proof. For i.i.d. Gaussian inputs, the Gaussian noise maximizes
differential entropy for a given variance, implying that it is the
worst-case additive noise for point-to-point channels in terms
of mutual information. The optimal nearest-neighbor decoder
corresponds to an AWGN channel with variance πgσ

2
g +πbσ

2
b,

which equals the variance of the Gaussian mixture noise. By the
worst-case property of Gaussian noise, the GMI cannot increase
when replacing the mixture noise with a single Gaussian of the
same variance.

IV. BLOCKSWISE GAUSSIAN MIXTURE DECODING

In this section, similarly to [10] for the standard Gilbert-
Elliott channel, we develop block-memory, i.e., a decoding
metric in which memorylessness is enforced only across blocks
(i.e., dependencies are localized within fixed-length segments),
approximating the channel’s infinite-memory behavior without



incurring the full computational complexity of maximum like-
lihood decoding. In the following, for simplicity of exposition,
we decode in pairs of symbols. The approach extends naturally
to arbitrary memory.

A block-2 decoding metric can be factorized as

qn(xn, yn) =

n∏
i=1
i even

q2(xi−1, xi, yi−1, yi). (33)

Since optimizing q2(xi−1, xi, yi−1, yi)
τ is equivalent to fix-

ing τ = 1 and optimizing q2(xi−1, xi, yi−1, yi), we factorize
(5) as

Igmi(P )

= lim
n→∞

1

n
E

[ ∑
i=1
i even

log
q2(Xi−1, Xi, Yi−1, Yi)

EX̄i−1,X̄i
[q2(X̄i−1, X̄i, Yi−1, Yi)]

]
(34)

= lim
n→∞

1

n

∑
sn

P (sn)
∑
i=1
i even

E
[

log
q2(Xi−1, Xi, Yi−1, Yi)

EX̄i−1,X̄i
[q2(X̄i−1, X̄i, Yi−1, Yi)]

∣∣∣∣Si−1 = si−1, Si = si

]
(35)

=
1

2

∑
s1,s2

π(s1, s2)Is1s2
gmi (P ) (36)

where (34) follows from the use of i.i.d. inputs and the block-
memory decoder (33), and the last equality follows from the
method of types and stationarity of the Markov chain, with

Is1s2
gmi (P ) =

∫
R2

p(x1)p(x2)

∫
R2

p(y1|x1, s1)p(y2|x2, s2)×

log
q2(x1, x2, y1, y2)∫

R2 p(x̄1)p(x̄2)q2(x̄1, x̄2, y1, y2) dx̄1dx̄2
dx1dx2dy1dy2

(37)

for s1, s2 ∈ {G,B}.
Choose a two-dimensional Gaussian mixture decoding metric

as in (33) with K1 ×K2 components of the form

q2(x1, x2, y1, y2) =

K1∑
k1=1

K2∑
k2=1

w(k1, k2)N (y1 − x1; 0, σ2
k1)

×N (y2 − x2; 0, σ2
k2)
(38)

where
∑
k1,k2

w(k1, k2) = 1.
Using the same argument as in Theorem 1, the block-2 GMI

is maximized when the decoding parameters satisfy

q2∗(x1, x2, y1, y2)

=
∑
s1,s2

π(s1, s2)N (y1 − x1; 0, σ2
s1)N (y2 − x2; 0, σ2

s2) (39)

=
∑
s1,s2

π(s1, s2)N
([

y1 − x1

y2 − x2

]
;

[
0
0

]
,

[
σ2

s1 0
0 σ2

s2

])
(40)

where the second equality follows from the fact that the
product of independent Gaussian densities can be expressed as
a multivariate Gaussian distribution with diagonal covariance
matrix.

Therefore, we conclude that the optimal GMI rate attainable
under a block-2 decoder satisfies

I∗gmi(P ) = h(pY 2)− h(pZ2) (41)

=
1

2
Igm(X1X2;Y1Y2) (42)

where

pZ2(z1, z2) =
∑
s1,s2

π(s1, s2)N

([
0
0

]
,

[
σ2

s1 0
0 σ2

s2

])
(43)

pY 2(y1, y2) =
∑
s1,s2

π(s1, s2)N

([
0
0

]
,

[
P + σ2

s1 0
0 P + σ2

s2

])
.

(44)

The preceding analysis naturally extends to decoders with
arbitrary blocklength, yielding the following theorem.

Theorem 2. For the continuous Gilbert–Elliott channel with
i.i.d. Gaussian input, the best GMI under a block-m Gaussian
mixture decoding metric is given by

Igmi(m,P ) =
1

m
Igm(Xm;Y m) (45)

where

pZm(zm) =
∑
sm

π(sm)

m∏
i=1

N (zi; 0, σ2
si) (46)

pYm(ym) =
∑
sm

π(sm)

m∏
i=1

N (yi; 0, P + σ2
si). (47)

In other words, we observe that this again transforms into the
mutual information of an equivalent Gaussian mixture channel
with noise distribution (46).

Proposition 3. Igmi(m,P ) is non-decreasing in m.

Proof. We firstly prove that h(Xm+1|XmY m+1) is non-
increasing with m since

h(Xm+1|XmY m+1) ≤ h(Xm+1|Xm
2 Y

m+1) (48)

= h(Xm|Xm−1Y m+1) (49)

= h(Xm|Xm−1Y m) (50)

where (49) follows from stationarity (time-invariance). Using
this property, we have

mh(Xm|Xm−1Y m) ≤
m∑
i=1

h(Xi|Xi−1Y i) (51)

= h(Xm|Y m). (52)



It follows from the chain rule and non-anticipatory property
that

h(Xm+1|Y m+1) = h(Xm|Y m) + h(Xm+1|XmY m+1) (53)

≤ h(Xm|Y m) + h(Xm|Xm−1Y m) (54)

≤ h(Xm|Y m) +
1

m
h(Xm|Y m) (55)

=
m+ 1

m
h(Xm|Y m) (56)

where the first inequality is due to (50), and the second is a
result of (52).

By rearranging (56), we obtain

1

m+ 1
h(Xm+1|Y m+1) ≤ 1

m
h(Xm|Y m), (57)

which implies that

1

m+ 1
I(Xm+1;Y m+1) ≥ 1

m
I(Xm;Y m), (58)

since the entropy rate for i.i.d. input sequence equals h(X).

Proposition 4. The mutual information rate with i.i.d. Gaus-
sian inputs is recovered by choosing a Gaussian mixture
decoder with m→∞, i.e.,

lim
m→∞

Igmi(m,P ) = lim
n→∞

1

n
I(Xn;Y n). (59)

Proof. For the continuous Gilbert-Elliott channel model, the
noise distribution can be computed via marginalization as

pZm(zm) =
∑
sm

P (sm)

m∏
i=1

p(zi|si) (60)

=
∑
sm

P (sm)

m∏
i=1

N (zi; 0, σ2
si), (61)

which asymptotically converges to (46) for m→∞ for ergodic
Markov chains. Analogous argument applies to pYm .

Although the analysis is specific to a two-state hidden
Markov AWGN channel, the result extends straightforwardly to
channels with an arbitrary number of hidden states. However,
given the difficulty of computing the achievable rates for Gaus-
sian mixture channels, it becomes computationally demanding
for large blocklengths.

V. NUMERICAL RESULTS

For stationary ergodic channels, the normalized information
density converges almost surely to the mutual information
rate. Consequently, the achievable rate can be simulated by
evaluating the log-likelihood ratio 1

n log p(yn|xn)
p(yn) along a suffi-

ciently long sample path, with likelihoods computed via Monte
Carlo simulation using a BCJR forward recursion [11]. For a
given i.i.d. Gaussian input sequence with power P , the channel
output is generated by propagating the Markov state process
and adding Gaussian noise conditioned on the state. The
conditional likelihood p(yn|xn) is computed using a forward
recursion that propagates the joint quantities p(yk, Sk = s|xk),
while the marginal likelihood p(yn) is obtained by propagating

p(yk, Sk = s). These densities are initialized using the station-
ary distribution of the channel state; however, due to ergodicity,
the resulting normalized log-likelihood is asymptotically insen-
sitive to the initialization.

We now compare the GMI achievable by different mis-
matched decoders for a Gaussian Gilbert-Elliott channel with
parameters b = 0.1, g = 0.3, P = 10 dB and SNRb = −10
dB, as shown in Fig. 2. The solid and dotted black curves
depict the simulated mutual information rates and the optimal
GMI for memoryless Gaussian decoders, respectively. Although
the rate can be made arbitrarily large by choosing SNRg

sufficiently large, the GMI converges to an SNRb-dependent
limit as a consequence of the harmonic mean in (13). The
optimal GMIs for memoryless and block-2 Gaussian mixture
decoders appear as dashed blue and dash-dotted red curves. We
observe that the memoryless Gaussian mixture decoder attains
a substantially higher GMI than the nearest-neighbor decoder,
which is consistent with Proposition 2. In accordance with
Proposition 3, the block-2 decoder outperforms its memoryless
counterpart.

This behavior aligns with our theoretical predictions, as the
Gaussian mixture model reflects the marginal distribution of the
channel output, thereby offering a more accurate representation
of the channel statistics while preserving decoding tractability.
As a result, the corresponding decoder assigns higher likelihood
to observations consistent with either state, leading to improved
reliability compared to the single-Gaussian approximation.
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Fig. 2. GMI comparison for b = 0.1, g = 0.3, P =10 dB, SNRb=−10 dB.
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