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Abstract—We propose a random coding technique for
joint source-channel coding of discrete memoryless sources
and channels. The approach builds on the random Gilbert-
Varshamov code construction of Somekh-Baruch et al. and
extends it to the joint source-channel setting. We show that
the resulting ensemble attains the maximum of the random-
coding and expurgated error exponents.

I. INTRODUCTION

We study joint source-channel coding (JSCC) for the
transmission of non-equiprobable messages generated from
a discrete memoryless source with distribution P k(v) =∏k

i=1 PV (vi), where v = (v1, . . . , vk) ∈ Vk denotes the
source message and V is a finite alphabet. The channel is a
discrete memoryless channel characterized by Wn(y|x) =∏n

i=1 W (yi|xi), where x = (x1, . . . , xn) ∈ Xn and
y = (y1, . . . , yn) ∈ Yn are the channel input and output
sequences, respectively, and X and Y are discrete alphabets.

In JSCC, an encoder maps each length-k source message
v to a length-n codeword xv , which is then transmitted
over the channel. Based on the channel output y the decoder
estimates which source message was transmitted. We refer to
t ≜ k/n as the transmission rate. An error exponent E > 0
is said to be achievable if there exists a sequence of codes
of blocklength n such that the error probability pe satisfies

pe ≤ e−nE+o(n), (1)

where o(n) satisfies limn→∞ o(n)/n = 0.
Two classical achievable error exponents in channel cod-

ing are the random-coding and the expurgated exponents.
In [1], Csiszár and Körner proved that there exists a code
that attains the maximum of these two exponents. More
recently, [2] introduced a random-coding construction in
which codewords are generated sequentially from a fixed
type class, subject to a minimum-distance constraint with
respect to previously generated codewords, and showed that
the resulting ensemble achieves an exponent that is no
smaller than that of [1].

The study of error exponents for JSCC was initiated by
Gallager [3, Prob. 5.16] and Csiszár [4]. In [5], Csiszár
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introduced two achievable expurgated error exponents, but
was unable to compare them. In [6], we compared the two
exponents and showed that one is a particular case of the
other. In this work we refer to the expurgated exponent
as the most general of Csiszár’s two error exponents. To
the best of our knowledge, no JSCC random coding con-
struction has previously been shown to attain the maximum
of the random-coding and expurgated exponents. In this
paper, building on the idea of [2], we extend the recursive
distance-based construction to the JSCC setting. We show
that the resulting ensemble simultaneously achieves both the
random-coding and expurgated error exponents.

Notation: Scalar random variables are denoted by up-
percase letters, their realizations by lowercase letters, and
their alphabets by calligraphic letters. Random vectors are
written in boldface. We use the notation [a] to denote all
integers from 0 to a. For two positive sequences {fn} and
{gn}, we write fn

.
= gn if limn→∞

1
n log fn

gn
= 0, and we

write fn ≤̇ gn if lim supn→∞
1
n log fn

gn
≤ 0. The type of a

sequence x = (x1, ..., xn) ∈ Xn is its empirical distribution,
defined by P̂x(x) ≜ 1

n

∑n
i=1 1 {xi = x} . The set of types

for vectors in Xn is denoted by Pn(X ). For Q ∈ Pn(X ), the
corresponding type class T n(Q) is the set of all sequences
in Xn with type Q. For a joint distribution P on X × Y ,
we write I(P ), or equivalently IP (X;Y ), for the mutual
information between X and Y under P . Finally, Nk denotes
the number of types in Vk. The analysis in this paper is
largely based on the method of types [7, Ch. 2].

A. Preliminaries

Following [8], we assume a finite collection of codeword
distributions Qm = {Q1, . . . , Qm}. Each source type class
T k(Pi) is assigned a distribution Qµ(i) ∈ Qm, and the
corresponding codewords are generated from T n(Qµ(i))
according to the proposed random construction. Here, µ(i) ∈
[m] denotes the index of the codeword distribution associ-
ated with the i-th source type. This setting may be viewed
as partitioning the source sequences into m random-coding
classes in line with [9]. Moreover, for a source type Pi,
we define Ri ≜ tH(Pi), since |T k(Pi)|

.
= exp(nRi) [7,

Lemma 2.3].



We now summarize existing results in JSCC that are
relevant to this work. The average error probability p̄e of
the constant-composition ensemble satisfies [4], [10]

p̄e ≤̇
Nk∑
i=1

exp

(
−n

[
te

(
Ri

t
, PV

)
+Er(Qµ(i), Ri)

])
, (2)

where

e(R,PV ) ≜ min
Q:H(Q)≥R

D(Q∥PV ) (3)

Er(Q,R) ≜ min
PXY :PX=Q

D(P∥Q×W )+|IP (X;Y )−R|+

(4)

are the source reliability function and random coding error
exponent for channel coding, respectively [7]. This bound
corresponds to the random-coding bound for JSCC. More-
over, it can be shown that there exists a code whose error
probability satisfies [5], [6]

pe≤̇
Nk∑
i=1

exp

(
−n

[
te

(
Ri

t
, PV

)
+E′

ex(Qµ(i),Qm, Ri)

])
(5)

where

E′
ex(Q,Q, R) ≜ min

ΛXX̄
ΛX=Q,ΛX̄∈Q
IΛ(X;X̄)≤R

EΛ

[
dW (X, X̄)

]
+ I(Λ)−R, (6)

and dW (x, x̄) := − log
∑

y

√
W (y|x)W (y|x̄). This bound

corresponds to the expurgated bound in JSCC.

II. RANDOM CODEBOOK GENERATION

The construction considered here closely follows that of
[2], and is designed to ensure that the generated codewords
satisfy certain prescribed minimum-distance constraints.

Let d(·, ·) : Xn × Xn → R be a symmetric, type-
dependent function that depends on (x,x′) only through
their joint type. We therefore use d(x,x′) and d(P̂xx′)
interchangeably throughout this work. Although we refer to
d(·, ·) as a distance, it is not necessarily a proper metric.

Since the codeword distribution assigned to a source
message depends on its type, we likewise allow the re-
quired minimum distance to depend on the source type. We
therefore specify a collection of real numbers {∆i}Nk

i=1, not
necessarily positive, which determine the required minimum
distances. In particular, if v ∈ T k(Pi), then every other
message v̄ ̸= v must satisfy d(xv,xv̄) > ∆i. Consequently,
if v ∈ T k(Pi) and v̄ ∈ T k(Pj), then d(xv,xv̄) >
∆i and d(xv̄,xv) > ∆j . By symmetry of d(·, ·), these two
conditions are equivalent to d(P̂xvxv̄ ) > max(∆i,∆j). We
fix an arbitrary ordering of the source types, and within each
type class, an arbitrary ordering of the source messages.
We denote the ℓ-th generated codeword of source type class
T k(Pi) by x

(i)
ℓ

1. We generate the codewords as follows:

1We use x to denote a codeword in two contexts: xv denotes the
codeword corresponding to source sequence v and x

(i)
ℓ denotes the ℓ-th

generated codeword of the i-th source type class.

1) Class T k(P1) : Choose the initial codeword x
(1)
1

equiprobably from T n(Qµ(1)). Each subsequent code-
word x

(1)
ℓ (for ℓ ≥ 2) is drawn equiprobably from the

set{
x̄∈T n(Qµ(1)) : d(x

(1)
ȷ , x̄)>∆1 for ȷ ∈ [ℓ− 1]

}
.

(7)

This continues until all |T k(P1)| codewords have been
generated, which we denote by C1.

2) Class T k(P2) : Choose the initial codeword x
(2)
1

equiprobably from{
x̄∈T n(Qµ(2)) :d(x, x̄)>max(∆1,∆2)∀x ∈ C1

}
.

(8)

For ℓ ≥ 2, the ℓ-th codeword is drawn equiprobably
from{
x̄∈T n(Qµ(2)) :d(x

(2)
ȷ , x̄)>∆2 for ȷ ∈ [ℓ−1],

d(x, x̄) > max(∆1,∆2)∀x ∈ C1
}
.

(9)

This continues until all |T k(P2)| codewords have been
generated, which we denote by C2.

3) Class T k(Pi) : For i ≥ 3, the ℓ-th codeword is drawn
equiprobably from{

x̄∈T n(Qµ(i)) :d(x
(i)
ȷ , x̄)>∆i for ȷ∈ [ℓ−1], (10)

d(x, x̄) > max(∆i,∆j)∀x ∈ Cj , for j∈ [i−1]
}
.

Continue until all |T k(Pi)| codewords have been
generated; denote this set by Ci.

By construction, each codeword in class i is at distance
greater than ∆i from all other codewords of the same
class, and at distance greater than max(∆i,∆j) from every
codeword in any class j ̸= i. At the end of this recursive
process, the code construction has discarded no more than
Nk∑
i=1

∑
v∈T k(Pi)

Nk∑
j=1

∣∣∣{x̄ ∈ T n(Qµ(j)) :d(xv, x̄)≤∆i

}∣∣∣ (11)

input sequences. In other words, this expression pessimisti-
cally counts the sequences that violate the distance con-
straints. Since the distance function is type-dependent, this
quantity does not depend on the specific realization of the
codewords. To see this, observe
Nk∑
i=1

∑
v∈T k(Pi)

Nk∑
j=1

∣∣∣{x̄ ∈ T n(Qµ(j)) :d(xv, x̄) ≤ ∆i

}∣∣∣ (12)

=

Nk∑
i=1

∑
v∈T k(Pi)

Nk∑
j=1

∑
PXX̄ :PX=Qµ(i)

PX̄=Qµ(j),d(P )≤∆i

∑
x̄∈T n(Qµ(j))

(xv,x̄)∈T n(P )

1 (13)

.
=

Nk∑
i=1

∑
v∈T k(Pi)

Nk∑
j=1

∑
PXX̄ :PX=Qµ(i)

PX̄=Qµ(j),d(P )≤∆i

exp
(
nHP (X̄|X)

)
(14)



=

Nk∑
(i,j)=1

∑
PXX̄ :PX=Qµ(i)

PX̄=Qµ(j),d(P )≤∆i

∣∣T k(Pi)
∣∣ exp (nHP (X̄|X)

)
. (15)

Thus, we may equivalently upper bound the number of
discarded sequences by

Nk∑
i=1

m∑
c=1

∑
x̄∈T n(Qc)
d(x̄,x̃i)≤∆i

∣∣T k(Pi)
∣∣, (16)

where x̃i is any sequence from T n(Qµ(i)). Then, it follows
that for each class T n(Qc), c ∈ [m], the number of
sequences that violate the distance constraints is at most

Nk∑
j=1

∑
x̄∈T n(Qc)
d(x̄,x̃j)≤∆j

∣∣T k(Pj)
∣∣. (17)

To ensure that the code construction produces the required
number of valid codewords, we assume that for each class
c ∈ [m], non-negative values {δc}mc=1 are chosen such that

Nk∑
j=1

∑
x̄∈T n(Qc)
d(x̄,x̃j)≤∆j

∣∣T k(Pj)
∣∣ ≤ ζn |T n(Qc)| e−nδc , (18)

where ζn := Nk(n+1)|X |2+|X |. For simplicity, and without
loss of generality, we take δc = δ for all c ∈ [m] and some
δ > 0. Condition (18) guarantees that, for each source type
class T k(Pi) the set from which the codewords are drawn
equiprobably has cardinality at least∣∣T n(Qµ(i))

∣∣− ζn
∣∣T n(Qµ(i))

∣∣ e−nδ

=
(
1− ζn e

−nδ
) ∣∣T n(Qµ(i))

∣∣ (19)

at every step of the construction. Therefore, whenever (18)
holds, the recursive code construction produces the required
number of codewords |V|k.

Lemma 1. Let v ∈ T k(Pi). Then the marginal distribu-
tion of the corresponding codeword Xv is uniform over
T n(Qµ(i)),

P[Xv = x] =
1∣∣T n(Qµ(i))

∣∣ for x ∈ T n(Qµ(i)), (20)

and zero otherwise.

Lemma 2. Let v ∈ T k(Pi) and ṽ ∈ T k(Pj), and let x ∈
T n(Qµ(i)) and x̃ ∈ T n(Qµ(j)) denote their corresponding
codewords under the proposed codebook construction. If
d(x, x̃) > max(∆i,∆j), then

P [(Xv,X ṽ) = (x, x̃)]

≤ 1∣∣T n(Qµ(i))
∣∣ · ∣∣T n(Qµ(j))

∣∣ · (1− ζne−nδ)
2 .

(21)

The proof of Lemma 1 follows identically to that of [2,
Lemma 4]. The proof of Lemma 2, along with the remaining
proofs of the paper, is provided in Section IV.

III. ACHIEVABLE ERROR EXPONENTS

Consider a maximum metric decoder with a type-
dependent decoding metric, meaning that it depends on
the source and channel sequences only through their types.
Specifically, for v ∈ T k(Pi), the decoding metric can be
expressed as q(v,x,y) = q

(
i, P̂xy

)
.

Theorem 1. Consider the code construction described with
parameters

(
d, {∆i}Nk

i=1, δ
)

satisfying (18), together with a
type-dependent decoding metric q. The ensemble average
error probability satisfies

p̄e ≤̇
Nk∑
i=1

Nk∑
j=1

exp
(
−nE(ij)

rgv (PV ,W )
)
, (22)

where

E(ij)
rgv (PV ,W )≜ te

(
Ri

t
, PV

)
+min
P∈Γij

{
D
(
PXY

∥∥Qµ(i)×W
)

+
∣∣IP (X̄;X,Y )−Rj

∣∣+}, (23)

and

Γij ≜

{
PXX̄Y :PX = Qµ(i), PX̄ = Qµ(j),

d(PXX̄) ≥ max(∆i,∆j), q(i, PXY ) ≤ q(j, PX̄Y )

}
. (24)

We next show that with an appropriate choice of the
distance function and the minimum-distance parameters, the
ensemble average error probability in (22) achieves both the
random-coding and expurgated error exponents. To this end,
following the choices in [2, Sec. VI], we set d(P ) = −I(P ),
and ∆i = −(Ri+δ). We will show that these choices satisfy
the condition in (18). Observe that, for each c ∈ [m],

Nk∑
j=1

∑
x̄∈T n(Qc)
d(x̄,x̃j)≤∆j

∣∣T k(Pj)
∣∣

≤
Nk∑
j=1

∑
PXX̄ :PX=Qc

PX̄=Qµ(j)

−I(P )≤−(Rj+δ)

∑
x∈T n(Qc)

(x,x̃j)∈T n(P )

enRj

(25)

≤
Nk∑
j=1

∑
PXX̄ :PX=Qc

PX̄=Qµ(j)

−I(P )≤−(Rj+δ)

enHP (X|X̄)enRj

|T n(Qc)|
|T n(Qc)|. (26)

Recall from [7, Lemma 2.3] that for any type Q, we have
(n+ 1)−|X|enH(Q) ≤ |T n(Q)|. Therefore,

en(HP (X|X̄)+Rj)

|T n(Qc)|
≤ (n+ 1)|X |e−n(IP (X;X̄)−Rj). (27)

Moreover, by the minimum-distance condition, any admis-
sible distribution P satisfies I(P )−Rj ≥ δ. Thus,

en(HP (X|X̄)+Rj)

|T n(Qc)|
≤ (n+ 1)|X |e−nδ. (28)



Substituting this back, we obtain

Nk∑
j=1

∑
x̄∈T n(Qc)
d(x̄,x̃j)≤∆j

∣∣T k(Pj)
∣∣

≤
Nk∑
j=1

∑
PXX̄ :PX=Qc

PX̄=Qµ(j)

−I(P )≤−(Rj+δ)

|T n(Qc)| · (n+ 1)|X |e−nδ

(29)

≤ |T n(Qc)| ·Nk(n+ 1)|X |2+|X |e−nδ, (30)

thereby satisfying (18). Therefore, the minimum-distance
condition reduces to I(P ) < min(Ri, Rj) + δ. With these
choices, the ensemble is universal in the sense that it does
not depend on either the source or the channel distribution,
as in [2]. Moreover, the resulting ensemble achieves the
random-coding and expurgated exponents simultaneously.

A. Achieving the Random Coding Error Exponent

To attain the random-coding exponent, we choose the
decoding metric to be the universal generalized maximum
mutual information introduced by Csiszár [4], namely,

q(i, P ) = I(P )−Ri. (31)

We relax the constraint set Γij in (24) by dropping the
minimum-distance requirement, which can only weaken the
bound. In addition, we use the inequality IP (X̄;X,Y ) ≥
IP (X̄;Y ) to further lower bound the exponent. This yields,

E(ij)
rgv (PV ,W )≥ te

(
Ri

t
, PV

)
+min

P

{
D
(
PXY

∥∥Qµ(i)×W
)

+
∣∣IP (X̄;Y )−Rj

∣∣+}, (32)

where the minimization is over distributions P satisfying
PX = Qµ(i), PX̄ = Qµ(j), and IP (X;Y ) − Ri ≤
IP (X̄;Y )−Rj . Hence, for any admissible P ,∣∣IP (X̄;Y )−Rj

∣∣+ ≥
∣∣IP (X;Y )−Ri

∣∣+. (33)

Therefore, for all j ∈ [Nk],

E(ij)
rgv (PV ,W )≥ te

(
Ri

t
, PV

)
+ Er(Qµ(i), Ri). (34)

Consequently,

p̄e ≤̇
Nk∑
i=1

exp

(
−n

[
te

(
Ri

t
, PV

)
+Er(Qµ(i), Ri)

])
(35)

which matches the JSCC random coding bound (see (2)).

B. Achieving the Expurgated Error Exponent

To attain the expurgated error exponent, we adopt the
decoding metric proposed in [5]. In particular, we set

q(i, P ) = EP

[
logW (Y |X)

]
− 2Ri. (36)

We lower bound the expression in (23) by removing the |·|+
operator. For any admissible distribution P ∈ Γij ,

D(PXY ∥Qµ(i) ×W ) + IP (X̄;X,Y )

= D(P∥PXX̄ ×W ) + IP (X; X̄).
(37)

Using this identity, we obtain the following lower bound,

E(ij)
rgv (PV ,W ) ≥ te

(
Ri

t
, PV

)
+ min
ΛXX̄ :ΛX=Qµ(i)

ΛX̄=Qµ(j)

I(Λ)≤min(Ri,Rj)+δ

IΛ(X; X̄)

+ min
P :PXX̄=Λ

EP

[
log

W (Y |X)

W (Y |X̄)

]
≤2(Ri−Rj)

D(P∥Λ×W )−Rj . (38)

We now evaluate the inner minimization. By Lagrange
duality it can be shown that,

min
P :PXX̄=Λ

EP log
[

W (Y |X)

W (Y |X̄)

]
≤2(Ri−Rj)

D(P∥Λ×W )−Rj

= min
P :PXX̄=Λ

sup
s≥0

EP

[
log

P (Y |X, X̄)

W (Y |X)1−sW (Y |X̄)s

]
−Rj + 2s(Rj −Ri).

(39)

Choosing s = 1
2 , which may be suboptimal, and applying

the log-sum inequality yields

min
P :PXX̄=Λ

EP

[
log

W (Y |X)

W (Y |X̄)

]
≤2(Ri−Rj)

D(P∥Λ×W )−Rj (40)

≥ −
∑
(x,x̄)

Λ(x, x̄) log
∑
y

√
W (y|x)W (y|x̄)−Ri.

Therefore,

E(ij)
rgv (t, PV ) ≥ te

(
Ri

t
, PV

)
(41)

+ min
ΛXX̄ :ΛX=Qµ(i)

ΛX̄=Qµ(j)

I(Λ)≤min(Ri,Rj)+δ

I(Λ)+ EΛ[dW (X, X̄)]−Ri.

We can further relax the bound by replacing the constraint
I(Λ) ≤ min(Ri, Rj) + δ with I(Λ) ≤ Ri + δ, and by
relaxing the condition ΛX̄ = Qµ(j) to ΛX̄ ∈ Qm. The bound
becomes independent of j. For all j ∈ [Nk], letting δ → 0
yields

E(ij)
rgv (PV ,W ) ≥ te

(
Ri

t
, PV

)
+ E′

ex(Qµ(i),Qm, Ri). (42)

Therefore,

pe ≤̇
Nk∑
i=1

exp

(
−n

[
te

(
Ri

t
, PV

)
+E′

ex(Qµ(i),Qm, Ri)

])
(43)

which matches the expurgated bound in (5).
The above recursive construction naturally applies to

single-class coding, in which all codewords are assigned the
same distribution, i.e., Qc = Q for all c ∈ [m]. In that case,
the corresponding single-class results are recovered; see [8].



IV. PROOFS

Proof of Lemma 2. The proof closely follows that of
[2, Lemma 2]. Without loss of generality, assume i < j.
Let v and ṽ be the ℓi-th and ℓj-th sequences in T k(Pi)
and T k(Pj), respectively. By construction, the codeword
Xv is drawn equiprobably from the set T n(Qµ(i), i, ℓi) ⊆
T n(Qµ(i)), consisting of all sequences that satisfy the
imposed distance constraints with respect to all previously
generated codewords. Consequently, for any admissible x,

P
[
Xv = x

∣∣ past codewords
]
≤ 1∣∣T n(Qµ(i), i, ℓi)

∣∣ . (44)

An analogous argument applies to X ṽ . Expanding the joint
probability yields

P [(Xv,X ṽ) = (x, x̃)]

=
∑

(before v)

∑
(after v before ṽ)

P
[
codewords before v

]
× P

[
Xv = x

∣∣ codewords before v
]

(45)

× P
[
codewords after v before ṽ

∣∣ past codewords
]

× P
[
X ṽ = x̃

∣∣ codewords before ṽ
]
.

Using (44) to upper bound the second and fourth probability
terms in (45), and noting that the sums over the remaining
probability terms evaluate to one, we obtain

P [(Xv,X ṽ)=(x, x̃)]

≤ 1∣∣T n(Qµ(i), i, ℓi)
∣∣ 1∣∣T n(Qµ(j), j, ℓj)

∣∣ . (46)

Lower bounding each cardinality by (19) yields the result.
Proof of Theorem 1. We begin with the extended RCU

bound, given in [9, Eq. (26)],

p̄e ≤̇
Nk∑
i=1

ε̄i, (47)

where

ε̄i =
∑

v∈T k(Pi)

P k(v)
∑
(x,y)

P [Xv = x]Wn(y|x)

min

{
1,

Nk∑
j=1

∑
v̄∈T k(Pj)

P
[
q(j, P̂Xv̄y) ≥ q(i, P̂xy)

]}
.

(48)

For a given (v, v̄,x,y), and using Lemmas 1 and 2, the
pairwise error probability can be written as

P
[
q(Pj , P̂Xv̄y) ≥ q(Pi, P̂xy)

]
=

∑
x̄∈T n(Qµ(j))

d(x,x̄)>max(∆i,∆j)

q(j,P̂x̄y)≥q(i,P̂xy)

P
[
X v̄ = x̄

∣∣Xv = x,Y = y
]

(49)

=
∑

x̄∈T n(Qµ(j))

d(x,x̄)>max(∆i,∆j)

q(j,P̂x̄y)≥q(i,P̂xy)

P [X v̄ = x̄,Xv = x]

P [Xv = x]
(50)

≤ 1

(1− ζne−nδ)
2

∑
x̄∈T n(Qµ(j))

d(x,x̄)>max(∆i,∆j)

q(j,P̂x̄y)≥q(i,P̂xy)

1

|T n(Qµ(j))|
. (51)

Observe that the bound does not depend on the particular
v̄. Moreover, the factor (1−ζne

−nδ) can be made arbitrarily
close to one for sufficiently large n. Thus, we obtain∑

v̄∈T k(Pj)

P
[
q(j, P̂Xv̄y) ≥ q(i, P̂xy)

]
≤̇

∑
x̄∈T n(Qµ(j))

d(x,x̄)>max(∆i,∆j)

q(j,P̂x̄y)≥q(i,P̂xy)

enRj

|T n(Qµ(j))|
. (52)

Using the method of types, we have∑
x̄∈T n(Qµ(j))

d(x,x̄)>max(∆i,∆j)

q(j,P̂x̄y)≥q(i,P̂xy)

enRj

|T n(Qµ(j))|
(53)

=
∑

VXX̄Y :VXY =P̂xy,VX̄=Qµ(j)

d(VXX̄)>max(∆i,∆j)
q(j,VX̄Y )≥q(i,VXY )

∑
x̄∈T n(Qµ(j))

(x,x̄,y)∈T n(V )

enRj

|T n(Qµ(j))|
(54)

.
=

∑
VXX̄Y :VXY =P̂xy,VX̄=Qµ(j)

d(VXX̄)>max(∆i,∆j)
q(j,VX̄Y )≥q(i,VXY )

enHV (X̄|X,Y )enRj

enHV (X̄)
(55)

.
= max

VXX̄Y :VXY =P̂xy,VX̄=Qµ(j)

d(VXX̄)>max(∆i,∆j)
q(j,VX̄Y )≥q(i,VXY )

exp
(
−n

[
IV (X̄;X,Y )−Rj

])
. (56)

Similarly, T n(Qµ(j))
.
= exp

(
nHV (X̄)

)
. Furthermore, ob-

serve that for given (x,y) where x ∈ T n(Qµ(i)), we can
evaluate the expectation as follows∑

(x,y)

P [Xv = x]Wn(y|x)

.
= max

PXY :PX=Qµ(i)

exp
(
−nD(P ∥Qµ(i)×W )

)
.

(57)

The proof is completed by observing, following [11, Eqs.
(45)–(48)], that∑

v∈T k(Pi)

P k(v) ≤ exp

(
−ke

(
Ri

t
, PV

))
. (58)

Therefore, overall,

ε̄i ≤̇
Nk∑
j=1

exp

(
− n

[
te

(
Ri

t
, PV

)
+ min

P∈Γij

{
D
(
PXY

∥∥Qµ(i)×W
)

+
∣∣IP (X̄;X,Y )−Rj

∣∣+}]). (59)
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