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Abstract—This paper studies expurgated random coding
bounds and exponents for source coding with side information
with a given (possibly mismatched) decoding rule. We propose an
expurgation technique that is an iterative version of Gallager’s
expurgation method for channel coding and enables a direct dual
domain derivation of non-asymptotic bounds for discrete sources
with arbitrary side information alphabets and decoding metrics.
Specializing the bounds to memoryless models a dual domain
achievable error exponent for type-by-type random coding is
derived and shown to coincide with the Csiszar-Korner exponent
obtained via graph decomposition.

I. INTRODUCTION

Slepian and Wolf [1] pioneered the study of source coding
with side information. They showed that the lack of the
side information at the encoder does not affect the minimum
compression rate of the source if the side information is
available at the decoder. Gallager later studied the Slepian-
Wolf coding problem in [2] and via random coding derived
the following achievable random coding error exponent

Ei(R) = max pR— Ey(p), (1
p€[0,1]

where the function Ey(p) is defined as
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The form in (1) is known as a dual domain expression.
Using the method of types and considering universal mini-

mum entropy decoding, Csiszdr and Korner in [3] derived an

equivalent primal domain expression for E,(R) given by

E.(R) = min D(Pgy || Pxy) + |R - HXIV)|". @)

Gallager also derived a corresponding upper bound Eg,(R)
by providing the side information sequence to the encoder,
which takes a similar form as that in (1) with optimization
over p > 0 [2].

Csiszar and Korner [4] showed existence of a code that
achieves the best of (the source coding counterparts of) both
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random coding and expurgated exponents in a unified manner.
The achievable exponent of Csiszdr and Korner [4] for an
arbitrary memoryless decoding metric ¢ is given by

EX(R) = max {ES5(R), E5, (R)} . 4)
where
EX(R)= min_D(Pgy||Pxy)+|R— H(X|Y)[*, (5)
' xxv €T
and
E((;l,{ex(R) = P}H}i_n D(PXY/HPXY)_FR_H(X'XaY)a
H(})(?)T)%)ER

(6)

respectively, where the set of distributions 7 is defined as
T ={Pegy € P(Xx X x ) s Py = Py,
E[logq(X, V)] = E[logg(X, V)] }. ()
Th code proposed in [4] encodes each source type indepen-
dently, and in this work is termed type-by-type coding. When
the decoding metric is chosen to be the ML decoder, i.e.,
q(z,y) = Py|x(y|x), which is optimal in this case due to the

type-by-type coding, the exponents in (5) and (6), respectively,
reduce to their matched counterparts in (3) and

EeX(R) = HFl);Il {D(PX|PX)

+ min

. W {E[d(f(, X)] +R- H(X|X)}}

®)

where d(&,Z) is the Bhattacharyya distance, defined as

A(@,7) 2 ~log 3 \/Prix (W) Prix (vlF). )
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Exploiting the connection to the counterpart channel coding
problem and using permutation codes, the exponent in (8) was
also derived later by Ahlswede and Dueck in [5]. The proofs
in [4], [5] rely on either graph-theoretic or combinatorial
arguments and do not use random coding or expurgation.
Furthermore, dual-domain derivations and expressions for (5)
and (6), and hence (4), are currently not known. This is a gap
in the literature that we aim to address in the present paper.



The main objective of this paper is to develop an ex-
purgation technique for source coding with side information
that allows to derive directly in dual domain achievable non-
asymptotic bounds and error exponents for source coding
with side information under generic, and possibly mismatched,
decoding metrics.

A. Type-by-Type Random Coding

Consider a pair of discrete memoryless correlated sources
with finite alphabets X and ), and joint distribution Pxy .

Consider partitioning the codeword set M = {1,---, M}
[P (X)]

into |P,(X)| subsets as: M = M,; where M, is

i=1
the codeword set for source type P, i € {1,---,|Pn(X)|},
|M7| = % and MiﬂMj :(/)foriyéj.

A type-by-type block source code C = {Cy, - ,Cjp, (1)}
is the union of |P,(X)| codes where each C; is an (n, R;)
block code for source type P; with mapping function ¢; :
771(151) — M; and rate R;, = % — 0, for i €
{1,-++,|Pn(X)|}, where §,, = W. In other words,
code C; is a code for the source sequences in source type class
7,.(P;) with codeword set M;. Observe that by construction,
every code C; has the same rate, and that an error can only
occur between source sequences of the same type. We also
note that the effect of partitioning the codeword set on the
coding rate vanishes asymptotically since d,, — 0 as n — oo.

Definition 1. The type-by-type random coding ensemble is the
set of all (n, R) block codes for the source alphabet X with
a probability measure over the codes having the following
property: For every source type Py, i € {1,--- |P.(X)|},
each source sequence x € E(R) is independently assigned
with equal probability ﬁ to each of the codewords in M,;.

The decoder for a type-by-type code C is a set of mappings
Vit My x Y — T, (F;) for every i € {1,---,|P(X)|}.
We consider using a maximum metric decoder as follows. For
every m € M;

Yi(m,y) = (10)

argmax  q(x,y),

@€To(P;):i(z)=m
where ¢(x,y) is an arbitrary non-negative decoding metric
which is possibly mismatched with respect to the source
and side information joint distribution. Given a code and a
decoding metric, the probability that source sequence x is
decoded incorrectly is denoted by p.(x,C).

II. MAIN RESULTS

Our first result is an expurgation method for source coding
that is valid for general source and side information models
and arbitrary decoding metrics. The expurgation method is
applied independently for each type and for an arbitrary
given type P, it can be summarized as follows. We first
use Gallager’s expurgation technique, developed for channel
coding [6], to show that there exists a code in the ensemble
such that at least half of the source sequences of type P,
satisfy a desired error bound. We expurgate the “bad” half

of source sequences, encode them separately into a new set
of codewords, and apply expurgation again. The error bound
derived in the previous iteration remains valid here, since
we now have fewer source sequences. The procedure stops
after (at most) k = nlog, |T;,(P;)| iterations, once all source
sequences in the type class are exhausted. Combining the
expurgated codes from all iterations and all types, we obtain
a code in which all the source sequences satisfy the desired
error bound given by the following lemma; the proof can be
found in an extended version of this paper [7].

Lemma 1. There exists a code Cox = {Cex,1, ", Cox,|P,, (%)|}
in the type-by-type random coding ensemble such that for
every i € {1,--- ,|Pn(X)|} and for every source sequence
x € T,(P;) and p >0

pe(,Cex) < (28 [pe(@. )] ), (11)

where the expectation is over the random coding ensemble for

the corresponding type with % codewords and k; =

logy [T, ()] < nlogy | X].

Applying Lemma 1 we obtain the following achievable error
exponent for memoryless sources employing a memoryless

decoding metric ¢(z,y) = [[i—, ¢(x:, v:).

Theorem 1. For every R > 0 and every distribution Pxy €
P(X x V) there exists a type-by-type block source code with
maximum metric decoder (10) employing decoding metric
q(z,y) that achieves the exponent

B (R) = max{E}(R), B (R)} (12)
where
E{".(R)= sup pR— E(p,s,a(-)), (13)
p€[0,1]
$>0,a(-)
Epex(R) = sup pR — Ex(p, s,a()), (14)
sZpO_,a(~)
with
E.(p,s,a(-))
ca(@) Z, s\ P
= log Z PXY(%M(ZM(H)) (15)
zeX,yey TEX EACSRY
EX(P,S,G('))
1 14
e 3 [ (3 Pav () S <q<f,y>>s ”
= XY
’ a(z)
o\ S \S e q(z,y)
(16)

and the optimization is over real parameters p,s and real-
valued functions a : X — R.

The proof of Theorem 1 can be found in section IV.
In deriving the error exponent of Theorem 1 we derive n-
letter bounds in (31) and (44) that are valid for any discrete



source with arbitrary side information alphabets and arbitrary
decoding metrics without the memoryless assumption. These
bounds can be used to derive error exponents for general
source models.

For the memoryless case, the following result, whose proof
can be found in an extended version of this paper [7], shows
that the error exponent introduced in Theorem 1 coincides with
Csiszar and Korner’s [4] for each term in the maximization,
namely, E*.(R) = E5(R) and E' (R) = EXX_ (R).

q,ex q,ex

Proposition 1 (Primal-dual equivalence). The dual-domain
error exponent derived in Theorem 1 coincides with the
Csiszdr-Korner exponent (4) derived in the primal domain via
graph decomposition, i.e.,

E(R) = EN(R). (17

Noticing that exponent is a convex function of the rate and
the maximizing p is the slope of the exponent curve, similar to
[8, Ch. 5] by evaluating the partial derivative of the exponent
to find the rate at which p = 0 maximizes the exponent, we
obtain the following rate achieved by type-by-type random
coding:

a(w)

HYX|Y)= inf —Y Pxy(z, 10M
q( ‘ ) 5>0,0(-) xzw XY( y) Zq( y) ea(Z)
(18)
=H(X|Y)+ _inf  D(Pxv @57, (19)

a(w.p)* e

(s,a(+)) _
where QX|Y (zly) = Srex a@y)er®

1II. EXAMPLE

The joint distribution of the source X with side information
Y is defined by the entries of the |X'| x |)| matrix

0.588 0.006 0.006
0.03 024 0.03
0.02 0.02 0.06

Pxy = (20)

with X = Y = {0,1,2}. We consider using a mismatched
decoder with a memoryless metric given by the matrix

1—-20 ) 1)
q(z,y) = 4] 1-26 ] 21
) ) 1—-26
with 6 € (0,%). For any value of the § € (0,3), the

corresponding decoder is exactly the same and is equivalent
to a minimum Hamming distance decoding metric.

Figure 1 illustrates the exponents for type-by-type ensem-
ble with both matched and mismatched decoders as well
as those of the standard ensemble which are denoted by
E,(R). The setting considering standard ensemble has been
recently studied in [9] and the corresponding exponent E,(R)
can be obtained from the type-by-type exponent Efzt (R) by
setting the cost function a(-) equal to a constant. In standard
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Fig. 1: Error exponents for the source X and side information
Y with joint distribution given in (20). The mismatched
decoder uses the minimum Hamming distance metric.

ensemble, all source sequences are randomly encoded to the
same set of codewords; this is in contrast with type-by-
type ensemble where sequences of each type are randomly
encoded to a distinct set of codewords. We observe that the
type-by-type expurgated exponent is higher for both matched
and mismatched decoding. In the matched case, the random
coding components of FE4(R) and E}*(R) coincide. The
corresponding achievable rates are marked with dots in the
figure. The conditional entropy H(X|Y) = 0.3879 nats is
the limit for the matched case while in the mismatched case
we have H,(X|Y) = 0.4283 nats for standard ensemble and
H'(X]Y') = 0.4140 nats for type-by-type ensemble.

IV. PROOF OF THEOREM 1

Lemma 1 showed the existence of a good code in the type-
by-type random coding ensemble which satisfies an upper
bound on the error probability for every source sequence. Here
we show that this code achieves the exponent of Theorem 1.
We first show the achievability of E}'., (R) and then that of
E.(R).

We start by bounding P, (x,C;) for a given source sequence
x € T, (P;) and given type-by-type code C with subcode C;
for type P; as follows

Pe(maci)

= > Pyix(ylz)t U

{e(2,Y) > q(z,Y)}

yeyn Z€T, (P)\=
$i(@)=¢i ()
(22)
<Y Prix(ylz) Y 1fe(@y) > g(x,y)] (23)
yeyn ZET, (P;)\=

@i (®2)=¢i(x)



< 2

ZE€Th ()

1 [¢i(x)

2] 2 Prix(yle) (b))

(24)

where we use union bound in (23) and (24) follows from
including £ = « in the summation and holds for any s > 0.

Now considering the ensemble of random type-by-type
codes and denoting the induced random encoding function
by ®,(-), we upper bound the E [Pe(a:, Cl)%

] using (24) as
follows

<E > 1[®i(2) = Bi(w)]
zeT,(P:)
@)\
x> Pyix(yla) 25)
y;,:n VX (q(w,y)>
< ) z) = 0,(w)]]
€T (P)
0@y
X Py x(y|x) (26)
%: rixt ((m >>
il Pa() @9\’
< S| X mexin (1)

ZCTo(P;) \YEY"

27

1

1
where (26) follows from inequality (3 a;)» < > af for

p = 1, (27) follows from E [1 [@;(Z) = ®i(x)]] < M

where k; = log, |7, (P;)| is an upper bound on the number of
iterations in the expurgation method.

Now substituting (27) in (11) from Lemma 1 and summing
over all source sequences of all types we find an upper bound
on the error probability of the codebook C.x as

[P (X)]
pe(cex) = pe(cex,i) (28)
i=1
where
. P
pe(ccx,i)g <2kz|7])wn()()|) X
_ A
> > ZPY\X ylx) < a4, )>
R (z,y)
2€ETH(Pi) \ZETL(P;)
(29)

We can further upper bound the average error probability

Pe(Cex) as

pe(cex> = m?Xpe (Cex,i) (30)

which implies that the corresponding error exponent is domi-

nated by the exponent of the worst type.

In order to find a simpler bound that does not require
maximization over the type, we can weaken the bound in (29)
by including all Z in the sum, however to keep the bound
tight we introduce ratio of an arbitrary cost function as EZE:;
where the cost function a(x) depends on the sequence x only
through its type. Observe that the ratio is equal to 1 when both
x and T have the same type, also this cost function can be
optimized for to obtain the tightest bound. Simplifying (29)
and upper-bounding k; by k = nlog, |X| we obtain

Pe(Cex) < (2“) > > Px

reEX™

X Z Z PY|X y| a(m) (

xeXxn \yeyn
(3D
Equation (31) is valid for any discrete source and any

decoding metric. We now specialize this to the case of mem-
oryless sources, metrics, and cost functions using ¢(x,y) =

[T, ¢(zs,v:) and a(z) = Y a(x;). Therefore we obtain

i=1

Pe(Cex) < (%W ) (Z Px

zeX

1\ P\ "
ea(Z) s
| S (Zromis ()
TZEX \yeY
(32)
— o~ (P(R=8n)—Ex(p;s,a("))) (33)

where 9, = — 0 as n — oo and Ex(p,s,a(-))
is given in (16). Hence, we show the achievability of the
exponent E, o« (R) by optimizing over p, s,a(-) as

Ey (R) = pR—EX(p,S,CL(')).

q,ex

log 2k| Py, (X)|
n

(34)

max
p>1,5>0,a(-)

To show that the same code of Lemma 1 achieves ;" (R)
we use (11) of Lemma 1 with p = 1, and obtain that for every
source sequence x € T, (P;)

Pe(®,Cox) < 2E[P.(x,C;)]. (35)
Averaging over all source sequences we obtain
[P (X)]
=1 2eT,(P)
=2E [pe(c)] ) (37

which shows that the error probability of C.y is upper bounded
by twice the ensemble average error probability.
Now we derive an upper bound on the type-by-type ensem-
ble average error probability following the derivations in [2].
We start by bounding p.(y,C) for a given side information
sequence y and given type-by-type code C as follows



Pe(y,C)
[P (X))

= Z Z Px |y (z|y)

=1 zeTn(P)

x 1 U

zeT, (P)\x
@i (T)=0¢i(x)

{a(z,y) > q(x,y)}

[Pn (X))

< Z Z Px |y (z|y)

=1 2eT, ()

2

T, (Py)\=
@i (®)=¢i(x)
(39)

where (39) follows from using the inequality 1 [U A,L} <

p
(Z 1 [Al]) for any set of events {A;} and p € [0,1] and it

holds for any s > 0.

Now considering the ensemble of random type-by-type
block source codes we upper bound the E [p.(y, C)] using
(39) as follows

E [pe(y, C)] (40)
[P (X))
< Z Z Pxy (z|y)
1=1 wETn(Pi)
@9\ . ’
<[ X (2 E[1[®:(z) = ®;(a)]] | @D)
zET (P)\x (q(m’ y))
(kIPn(X)I)”
- M
X x e?(®) q(z,y) *\"
ng:" PX‘Y( |y) :EEZX" ea(m) (q(a:,y)) ’ (42)

where (41) follows from Jensen’s inequality and the con-
cavity of z? for p € [0,1] and (42) follows from
E[1[®(z) = ®(x)]] = % and upper bounding k; by k =
nlog, |X| and including all Z in the sum, however to keep the
bound tight we introduce ratio of an arbitrary cost function as
EZ—E:; where the cost function a(x) depends on the sequence «
only through its type. Notice that the ratio is equal to 1 when

both  and & have the same type, also this cost function can
be optimized for to obtain the tightest bound.

Averaging over all side information sequences we obtain
an upper bound on the type-by-type ensemble average error
probability as

E[pe(C)] = > Py(y)E [pe(y.C)] 43)
yeyn
k|Pn(X)[\”
< ("5
@ (q(@,y)\")
Pxy (z,y) LY (44)
X ng; xy (T, Y @;ﬂ ea(®) (q(m,y))

where (44) holds for any p € [0,1] and s > 0. Introducing
(44) in (37) and particularizing it to the case of memoryless
sources, metrics and cost functions we obtain

Pe(Cox) <2 <k|7’n<X)|>p

M
B p n
| Y Py (S @ (q(a:,y)>s
TEX,YEY TEX ea(®) q(x7y)
(45)
— o~ p(R=06n)—Es(p,5,a(-))—0y,) (46)

whereén:WHOand(%:lo%g%Oasn%
oo and and E(p, s,a(-)) is given in (15). Hence, we show
the achievability of the exponent E{' (R) by optimizing over
p,8,a(-) as in (13).
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