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Abstract—This paper studies expurgated exponents for joint
source-channel coding of discrete memoryless sources and chan-
nels under ii.d. random coding. We show that a two-class
partitioning of source sequences, where the codeword distribution
depends on the source type, achieves an exponent at least as high
as that of optimal single-class coding, in which the codeword
distribution is independent of the source message.

I. INTRODUCTION

We study the transmission of non-equiprobable messages
from a discrete memoryless source (DMS) over a discrete
memoryless channel (DMC). In 1980, Csiszdr [1] showed
that joint source-channel coding can achieve a lower error
probability than separate source and channel coding, and de-
rived the corresponding random-coding error exponent using a
construction in which codewords are drawn from a distribution
that depends on the source message. In contrast, Gallager [2]
had earlier derived a different error exponent where codewords
are drawn from a fixed distribution, independent of the source
message. Zhong et al. [3] later revisited these results and
showed that Csiszar’s exponent is always at least as large as
Gallager’s, and sometimes strictly larger.

Compared to random coding, expurgated bounds in joint
source-channel coding have received relatively little attention.
In the channel coding, the main techniques for obtaining
expurgated exponents are due to Gallager [2, Section 5.7] and
Csiszar-Korner-Marton (CKM) [4], [5]. See [6] for a more
extensive study of expurgated bounds in channel coding.

In [7], Csiszar generalized the CKM method and derived two
expurgated exponents for joint source-channel coding. The first
corresponds to single-class coding, in which all codewords are
drawn from a fixed distribution (a Gallager-like setting), while
the second assigns a distinct codeword distribution to each
source-type class, so that the codeword distribution of a source
sequence depends on its type, following [1]. The comparison
between these two exponents has remained an open problem.
Scarlett et al. [8] later revisited the expurgation problem in
joint source-channel coding and rederived Csiszar’s exponents
using a new technique based on source-type duplication and
type-by-type expurgation. More recently, Moeini et al. [9]
extended this line of work by considering a broader class of
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message partitionings, and showed the existence of a two-class
partitioning that recovers Csiszar’s second exponent in [7].

To the best of our knowledge, the partitioned and non-
partitioned approaches have not been directly compared in the
expurgated setting, either theoretically or numerically. It has
therefore remained open whether partitioning can yield a larger
exponent, as it does in the random coding case.

In this work, we focus on i.i.d. random coding ensembles
for convenience, in contrast to earlier studies [1], [7]-[9]
that considered constant-composition coding. We establish the
existence of a two-class partitioning that achieves an exponent
no smaller than that of optimal single-class coding, thereby set-
tling one side of the comparison. In our analysis, single-class
coding appears naturally as a special case of partitioning, an
observation aligns with intuition but not reflected in previous
studies. The detailed proofs are presented in Section V.

II. PRELIMINARIES

We study the transmission of non-equiprobable messages
from a DMS with distribution P*(v) = [[7_, Py (v;), where
v = (vi,..,vx) € VF is the source message, and V is
a finite discrete alphabet. The channel is a DMC given by
W(ylz) = [[=, W(ylzi), # = (21,...,2,) € X" and
y=(y1,...,Yn) € V", where X and ) are discrete alphabets
with cardinalities |X’| and ||, respectively. An encoder maps
the length-k source message v to a length-n codeword .,
which is then transmitted over the channel, and decoded as ¥
at the receiver upon observing the channel output y. We refer
to t 2 k/n as the transmission rate. We study the average
error probability, defined as

pe £P[V £ V]. (1)

We say that an error exponent £ > 0 is achievable (for any
fixed t) if there exists a sequence of codes of length n such
that the error probability satisfies

pe < e nEHOY 2

)

where lim,,_, o 0o(n)/n = 0.

In this paper, scalar random variables are denoted by upper-
case letters, their realizations by lowercase letters, and their
alphabets by calligraphic letters. Random vectors are written
in boldface. For two positive sequences {f,} and {g,}, we



write f, = gy if lim,_, %L log % =0, and we write f, < g,
if limsup,, ., = = log In <,

The type of a sequence x = (z1,...,7,) € A" is its em-
pirical distribution, defined by Py (z) £ LS 1 {w =a}.
The set of all probability distributions on an alphabet X" is
denoted by P(X), while P, (X') represents the set of empirical
distributions for vectors in X™. For Px € P, (X), the type
class 7" (Px) consists of all sequences in X™ with type Px.
We denote by N; the number of types in V¥, which grows
polynomially with £ [10, Lemma 2.2].

Continuing the line of [9], [11], we consider partitioning the
source sequences into m disjoint sets, each consisting of one
or more full source-type classes. Each class c is assigned a
codeword distribution Q. € P(X), from which the codewords
for source sequences in that class are generated i.i.d. according
to Q.. This setting includes Csiszar’s partitioning [1], [7], in
which each class corresponds to a single source-type class (i.e.,
m = Ny). Throughout, we use the indices ¢ and j to refer to
source types, and c to indicate the class to which a source
message (or a source type) belongs under a given partitioning.
Moreover, for a source type P;, we define R; = tH(P;).

III. ACHIEVABLE EXPURGATED ERROR EXPONENTS

In this section, we present our main results. We first derive
an expurgated exponent for an arbitrary partitioning, and then
consider a special case of partitioning into only two classes.

Lemma 1. Let {Ay,..., A} be a given partition of the
source sequences, with each class assigned an i.i.d. codeword
distribution from Q,, = {Q1,...,Qm}. Then, there exists a
sequence of codebooks such that, for all choices of {p.}™,
with pe > 1,

T N N
where
(0.0 i vios X Qi 5
(z,Z)
and

1+p
1“) ; 4)
veA.

with dg(z,Z) = —log > , VW (ylr)W(y|z) denoting the

Bhattacharyya distance.

E) (p, P¥) £ log ( > Prw

A constant-composition counterpart of this result is given
in [9, Corollary 1]. The improvement in Lemma 1, however,
is that the minimization in (4) is restricted to the given
set of codeword distributions, whereas in [9, Corollary 1]
(equivalently [7]) it is taken over all possible distributions.

Theorem 1. For a pair of i.i.d. distributions Q = {Q,Q’},
there exists a partition of the source message set into two
classes such that the following exponent is achievable

ETS(Q,t) & sup {E;(Qm) —tE, (p,Pv)}, (©6)

where E;(Q,p) denotes the concave hull of E.(Q,p) over
p € [1,00), with El(Q,p) £ maxqgeo EL(Q,Q,p), and
1

A 1\ e
Eu(p, Py) 2 10g (S ,ep Py (0) 77 ) .

The partitioning that achieves this exponent is the same as
in [12, Theorem 2], and is given by

(v) <+*} ™
(v) >}, ®)

Alz{’vEVk:Pk
Agz{vevk:Pk

for some v € [0, 1]. Optimizing over the pair of distributions,
the optimal expurgated exponent under this partitioning is

By (t) £ ax Eje({Q.Q'} ). ©)

IV. COMPARISON WITH SINGLE-CLASS CODING

We first present the achievable exponent under single-class
coding, closely following [9, Corollary 4].

Theorem 2. There exist single-class codes with i.i.d. ensem-
bles that achieve the following exponent

Ful) 25w {E) — 18, P) b 0
p21
where E(p) £ maxq Ex(Q, p), and
_dp(z,®)
Ev(Q,p) = —plogZQ S0an
(z,x)

We use the notation EY, (Q,t) to denote the exponent
corresponding to a fixed codeword distribution (). A key
observation is that this result can be viewed as a special case
of the two-class partitioning when Q = Q' = Q*, with Q*
denoting the optimal distribution in Theorem 2. This implicitly
implies that EY (1) > EY, (), as stated in the following

J,ex
theorem.

Theorem 3. The optimal expurgated exponent with two-class
partitioning is no smaller than that of optimal single-class
coding, namely

EJex( ) >EJex( ) (12)

When the optimal distribution is chosen, the i.i.d. and
constant-composition channel-coding expurgated exponents
coincide, as shown in [10, Prob. 10.24]. Hence, chex( ) also
equals the optimal single-class expurgated exponent under
constant composition.

We therefore establish the existence of a two-class par-
titioning that, under i.i.d. coding, achieves an exponent no
smaller than that of optimal single-class coding with constant
composition. This gives a one-sided comparison between parti-
tioning and non-partitioning in expurgated joint source-channel
coding, a result that, to the best of our knowledge, has not
appeared previously.



A. Numerical Examples

In this section, we provide numerical examples of expur-
gated error exponents in joint source-channel coding, illus-
trating in particular the impact of partitioning. We consider a
source-channel pair consisting of a binary memoryless source,
and a non-symmetric memoryless channel of the form

1—2¢ € €
W = € 1—2¢ € ,
1) ) 1-26

13)

with the parameters € = 0.0001 and § = 0.1.

For each case, we are given two codeword distribu-
tions {Q1,Q2}, and we observe how the two-class parti-
tioning defined in (7)-(8) for these distributions compares
with single-class coding using one of them. In each figure,
we plot the functions E;({Q17Q2},p) — tE, (p, Pv) and
E.(Q.,p)—tEs (p, Py) for ¢ = 1, 2. For reference, the values
E7¢.({Q1,Q2},t) and max,.—1 2 EY, (Q,t) are shown as
horizontal solid lines, while the JSCC random-coding exponent
[12, Eq. (20)] is plotted with dot-dashed lines. In all three
cases, the expurgated exponents exceed the random-coding
exponent, although this need not hold in general. Depending
on the setup, the random-coding exponent can be strictly larger
and even tight, coinciding with the sphere-packing bound, as
discussed in [1], [3].

The first figure illustrates a case with non-optimal codeword
distributions, where the partitioned exponent is strictly higher
than the two single-class exponents.
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Fig. 1. Example where partitioning strictly improves the exponent, obtained
with Q1 = (0.4,0.4,0.2), and Q2 = (0.5,0.5,0), t = 0.75 and Py (0) =
0.025.

The second plot, on the other hand, illustrates a case
where partitioning weakens the achievable exponent, with the
codeword distributions still being non-optimal.

0.80
0.75
0.70
0.65
K
0.60 —
— BQup) ~tE(p Py)  —— EL({Q1,Qa}.p) — tE(p, Py)
== B(Qup)~tE(p.Py) X EL({QuQs}.p) —tE(p. Py)
)
1.0 112 114 1?6 118 210 2t2 2t4 216

p

Fig. 2. Example where single-class coding yields a higher exponent, with the
same setting as Fig. 1 except ¢t = 0.5 and Py (0) = 0.02.

Figures 1 and 2 show that when the codeword distributions
are fixed and not optimized, it is not predetermined which
exponent dominates; either one can exceed the other. In the
final example, (J; and Q5 are chosen optimally, showing that
in this particular case the two exponents coincide.
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Fig. 3. The two exponents coincide under optimal distributions, with the
same setting as Fig. 1 except Q1 = (0.4489,0.4489,0.1021) and Q2 =
(0.5,0.5,0).

To date, we have not found any joint source-channel coding
setting in which optimal partitioning yields a strictly higher
exponent. In cases examined, the two exponents coincide,
raising the possibility that they may always be equal. Observe
that for a gap to exist, the input alphabet of the channel must
have size at least three. This is because when the input alphabet
size is two, it has been shown [13] that the uniform distribution
Q(0) = Q(1) = 1/2 always maximizes Fy(Q, p), regardless
of the value of p. Consequently, for binary-input channels,
partitioning does not provide any improvement to the exponent.



V. PROOFS

The work of [8] revisits expurgation in joint source-channel
coding and rederives Csiszar’s two exponents [7] using a new
technique based on source-type duplication and type-by-type
expurgation. The key result of [8], which forms the basis for
all achievability results in this paper, is summarized in the
following lemma.

Lemma 2. There exists a joint source-channel code C such
that for any source type P; € P (V) and any sequence v €
T*(P,), the source message error probability satisfies

(14)

Ng
1 _1Pij
Z [pe(v.5.0)7 ],

where p;; > 0, and p, (v,j, C) refers to the probability that,
given V. = wv, there exists some © € T*(P;) that yields a
decoding metric at least as high as that of v. Moreover, the
expectation is taken with respect to the glven (not necessarily
distinct) codeword distributions {P }

A. Proof of Lemma 1

The proof closely follows the approach in [9, Lemma 3] and
[8, Sec. III.C]. We consider the code from Lemma 2, and use
the following decoding metric

q(v,2,y) = W"(ylz) exp (= 2kD (Fi[|Pyv)),  (15)
if v € T*(P;). Observe that this is a type-dependent metric,
meaning that it depends on (v, x, y) only through their types.
Then, for any s > 0, we can upper bound p. (v, j, C) as

pe(v,5,C)=P| |J a(® a5 Y)>q,2,Y)| (16)
VET*(P;)
=P| |J @25 Y) > qv,2,,Y)" | (7)
| DET*(P))
n Q(’I_]awfny))s
<) W™(y|xe) 2T I ) (18)
Z ‘ Z <Q(v7wvay)

vETR(P;)

Substituting the decoding metric and setting s = %, we obtain

‘ exp (—kD (P5|| Pv))
Pe(v,5,C) < (exp(_kD (P»|PX))>

X Z Z\/W" Yl,) W

veETk(P;) Y

19)

"(y|zp) -

If we assume p;; > 1 for all (¢,7), we can use Holder’s
inequality [2, Problem 4.15.f] to move the summation over

v outside, as follows

pe(v,j C)ﬁ7‘< (exp(—kD(

lelpv))>

exp (—kD (P;[|Pv))
)
S Y VW (ylz,) W (ylas)
vETH(P;) Y
(exp( kD(PjnPV)))p%
exp(—kD(F||Pv))
ij (21)

1f[ [Z N >] g

vETH(P;) L

where x! denotes the I-th element of x,. We now take the
expectation of the above expression

A exp(—kD(Pj|| Py))\ 77
B [pe(,2,€)79] < (exp<—kD<Pi||PZ>>>
(22)

dB(Xz X

SIS | Can

DETH(P;) =1

where the expectation is taken with respect to P)(é) X P)(g), with
P)((C) denoting Q7. Here, i denotes the index of the class to
which source type ¢ belongs. We can evaluate this expectation
as follows

E Z H . dB(:"ll7 X))
veETk(P;) =1 (23)
- Y ewew Y [
% J
(z.3) DETH(P;) I=1
_dp(=®)
- ¥ IXewmee e
DETk(P;) =1 (z,z)
_dp(z,®)
> Qi@)Q;() e (25)

(z,7)

Raising both to the power p;;, and then taking the worst-case
Q; over Q,, follows that

s (S

exp (n[Pz‘jRj - E;(Qja Qmmij)D :
(26)

Having evaluated the expectation, we now obtain the following
bound on the error probability of the code in Lemma 2 as



follows
Zpk 27
—kD(P;|Py))
< Z Z Pk(v) <exp( J >
(i) vETH(P;) exp(— D(PlHPV)) (28)
X €xp (*n [E;(Qj, O, pij) — PinjD :
P) P’f(v) = exp(—kD(F;||Pyv)). This

) pe(v,C)

Observe that o7
implies that

P;|Py)
NG (eXp (PJ»HPV ) S Pw).  (29)
weT*(P;) exp(=kD(F[[ Pv)) veT*(P))
Moreover, since Hl L Po(v1) = exp(—nR;) for v € T*(Pj),
we obtain

Z Z pl o Ex (Q_;’Qmﬁpij), (30)

(1,5)=1 veTk(P)

Let us set p;; = p; for all 7. It then follows that

p.(C) £ Z 3 e (Qenri) 31
J=loeTk(P; ) ( )
— Z Z - ] e_”E)/c (QanvPc). (32)
c=1 veA, Pv(v)Pc
It was shown in [9, Corollary 1] that
) 1+p
PF(v ] ) (33)
; Py(v)r = vg
Thus, we have
e D e (Qc:@mope) +BL (oe P*) (34)

B. Proof of Theorem 1

To prove Theorem 1, we first state the following auxiliary
lemma, given in [12, Lemma 1].

Lemma 3. For any pg > 1 and v > 0, the partition (7)-(8)
with v = min {1,~'} satisfies

1
ZEQ (o pk
ke (0. P¥) (35)
< Ey(p, Pv)1{p> po} +7(p,po, 7)1 {p < po}
2 EM (p,po. 7). (36)
1
—E@ (, pFk
< Es(p, Pv)1{p < po} +7(p,po,7¥)1{p > po}
2 EP® (p,p0.7) (38)
where
ES P 7P — log’y
r(p,po,7) = Es(po, Pv)+ ( 01:)[)0 (p—po). (39)

Using this lemma, for any ' > 0 the achievable error
exponent of Lemma 1 can be evaluated as

e 1 /
E, _hnl,glogf - log Z exp( — sup [HEX (Qca Q, pc)

c=1,2 pe>1

- B (pc,Pk)D

(40)
= 1iminf{ min { sup {E,'((Qa Q7Pc)
n—o0 c=1,2 pe>1
(41)
1
— ZE9(p,, P*
n ’ (p 7 ) } } }
Z m¥12 { sup {E,/( (Qc7 Qa pc)
=4 p0,P1,p2>1
(42)

—tEL©) (papom’)}},

where in (42) we applied Lemma 3 and used the fact that
liminf,,_, oo max, {fn(2)} > max, {lim, . fn(x)}. Opti-
mizing over 7/ > 0, swapping the order of min and max, and
restricting the maximization range yields

. . : /
sup  sup { Iin EX(QC,Q,pC)
po,p1,p2>17>0 | =12

P1<po<p2

En>
(43)

—tEL (pe, po, )

By substituting the expression of E§C>(pc,p0,y’), the mini-
mization becomes

win {E (@0 2.0
44)
Eq(po, Pv) —

+1
L+ po

log '
(Po — pc) — tEs(po, Pv)}-

We define 79 > 0 as the value satisfying

tEs(po,Pv) —logno _ E/(Q2,Q,p2) — EL(Q1,2, p1)
P2 — P1

1+ po 45)

Choosing ' = 7o equalizes the two terms in the minimization
in (44), thereby maximizing the lower bound in (43). Conse-
quently, we obtain

b2 gy (@1, 9, 1)
P2 — pP1

E,> sup
Po;p1,p2>1
pP1<po<p2

(46)

+ MEQ(Q% Q, P2)} — tEs(po, Pv)
P2 — P1



MEQ(Qh Q,p1)

= sup sup
po>1 p1,p22>1 P2 —pP1
P1<po<p2 (47)
L n El(Q2,Q,p2) ¢ — tEs(po, Pv)
P2 — pP1

We can further optimize the expression by assigning the
distributions to the classes in the best possible way, obtaining

E,, > sup sup wEi(Qapl)
po>1 p1,p221 P2 —pP1
p1<po<p2

(48)

+ ME)/((Q,Pz) —tE4(po, Pv)

P2 — pP1

Let A € [0,1] be defined such that Ap; + (1 — N)p2 = po,
yielding

E, > sup sup AEL(Q,p1)
po>1 p1,p22>1,2€[0,1]
Ap1+(1=A)p2=po (49)
+(1 _A)E;(QvPQ) _tES(p()?PV)
= sup {E;(Q,po) —tE, (po,Pv)}, (50)
po=1

where

B (Qp) 2 sup  AEL(Q,p)
p1,p2>1,A€[0,1]
Ap1+(1=A)p2=p

+ (1= N E(Q,p2). (5D

This corresponds to the pointwise supremum over convex
combinations of any two values of the function E.(Q,p),
which, as described in [14], is equivalent to its concave hull.
This proof closely follows the argument of [12, Theorem 2].

C. Proof of Theorem 2

The proof follows the same steps as [9, Corollary 4], with
the main difference being that i.i.d. coding ensembles are used
instead of constant-composition.

D. Proof of Theorem 3

Let @* denote the optimal distribution for E5°

J,ex(t), namely
the solution to

(1) = s {Ex@, o) —tE, (p, Py) } (52)

pz1

We can lower bound EY'¢ () by choosing the maximization
pair to be the (potentially suboptimal) choice {Q*,Q*}, as
follows

ETe(t) = ax E7S({Q,Q'}1) (53)
> E7¢ . ({Q, Q" },1t) (54)
= sup {E;({Q*, Q*},p) — tEs(p, PV)} (55)
P>
= sup {E;({Q*, Q*},p) — tEs(p, PV)} (56)
2
= sup {EX(Q*7p) _tEs(pv PV)} (57)
pz1
= E7 o (1). (58)

Equality in (56) holds because for fixed @, the function
E.(Q, p) is concave in p, so EL({Q*,Q*}, p) is concave as
well, and hence equal to its concave hull.
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