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Abstract—We complete the proof of a conjecture put forward
by Shomorony and Heckel (2022) regarding the amount of
reliable information bits that can be stored in a DNA-based
storage system composed by short DNA molecules. While the
direct part of the aforementioned conjecture was only partially
proved in a recent paper, here we take a more direct approach
and complete the proof for the entire range of short molecules.
We analyze a random-coding scheme, where each codeword is
given by an appropriate quantization of a randomly generated
probability mass function from the probability simplex. By
analyzing the optimal maximum-likelihood decoder, we derive an
achievability bound, which matches a recently proved converse
bound.

I. INTRODUCTION

Storing information in DNA molecules has a potential for
extremely high information densityﬂ and longevity, and can
address the ever-growing demand for digital storage. Several
working prototypes and system proposals [1]—[4] have sparked
a surge of information-theoretic and coding-theoretic research,
including coding methods [5]], channel capacity and error
probability analysis [6]—[12], machine-learning based systems
[13], [14], secrecy [[15]], [[16]], and many more.

In this paper, we consider the commonly adopted DNA stor-
age channel model, known as the shuffling-sampling channel
[9]. In this channel, information is encoded as a codeword
comprised of M molecules, where each molecule has length
L = Blog M symbols from the alphabet A (a natural choice
is A = {A,C,G,T}, ie., the four DNA bases, however,
other alphabets are also possible), for some length parameter
B > 0. The M molecules are stored in a DNA pool, with no
preservation of order. The retrieval of information is performed
in two recurring steps. First, one of the M molecules is
randomly chosen from the DNA pool, with a uniform distri-
bution, and with replacement. Second, the chosen molecule is
sequenced, that is, the sequence of nucleotides it is comprised
from is reconstructed to obtain a read. These two steps are
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repeated for K times, where typically K > M. While the
sequencing operation is noisy in practice, in this paper we
address the stylized model of noiseless sequencing. Even under
this assumption, the list of K output reads is still random due
to the sampling operation, as some molecules may be sampled
more than once, and others may not be sampled at all.

The length of the molecules, as designated by the parameter
B, affects the channel capacity of this channel, as both effects —
lack of molecule order and non-ideal sampling — are less severe
as 3 increases. In case that the molecule length parameter is
large enough, specifically, 8 > m, a simple scheme is
shown to achieve the channel capacity [8]]: Start each molecule
with a header of length log 4 M = m symbols from A
identifying the index of the molecule in {1,2,..., M}. Then,
the rest of L(1 — m) symbols can be used for encoding
the data. The resulting coding rate (or information density),
i.e., total number of encoded bits divided by the total number
of nucleotides used M L, is then given by (1— m), which,
as said, can be proved to be the capacity. This scheme clearly
breaks if the molecule length is shorter, i.e. 0 < § < m,
because then each molecule is too short to even just encode its
index. Since the decoder can always ignore some nucleotides,
it follows that the capacity is monotonically non-decreasing in
B, thus the capacity equals zero for any 0 < 8 < WllA\'

Nonetheless, the regime of 0 < 3 < WllA\’ which is
called the short molecule regime, is still of interest. In this
regime, the total number of different types of molecules
|A|F= | A|Plog M= prBloglAl js smaller than the total number
of molecules M. The pigeon hole principle then implies
that each codeword must contain repeated molecules. Con-
sequently, the information is encoded into a frequency vector,
containing the relative count of each of the M#1°%IAl types of
molecules in the DNA pool of M molecules. During reading,
the sampling operation produces a noisy version of this vector,
since, e.g., molecule types appearing once in the codeword
may be sampled more than once, or none at all. The decoder
then finds the codeword whose frequency vector is closest, in
a manner to be made precise, to the frequency vector defined
by the output reads.

As mentioned, the channel capacity of the shuffling-
sampling channel is zero in the short molecule regime § <

2For simplicity, we ignore here integer constraints.



WIIA\' This implies that the total number of reliably stored bits
scales at most sub-linearly with the total number of nucleotides
ML. However, just a few grams of DNA contain a large
amount of nucleotides M L, and so for a given M and L, the
potential total number of reliably stored bits may be still very
large. This motivated an analysis of this regime in [9, Sec.
7.3], leading to a conjecture on the maximal log-cardinality
of a reliable codebook as a function of M L. Specifically, [9}
Conjecture 4] states that for 3 € (0, m) this log-cardinality
is asymptotically

1-— BlOg|A‘ . MP log| Al log M. (1)
2

Evidently, this total number of bits (given the logarithm is in
the binary base) is o(M L), but still increases with M. It should
be mentioned that in [9, Sec. 7.3], a Poisson sampling model
was considered. In this model, the total number of output reads
is not fixed in advance, and the random number of times that
each type of molecule appears at the output reads is distributed
as a Poisson random variable, whose parameter is given by
the number of times that this type of molecule appears in
the input codeword. This may be compared to the original
sampling model, whose sampling operation can be described
by a multinomial random variable. The conjecture leading to
(T) is then based on relating the frequency-based channel to a
power-constrained Poisson channel, for which the asymptotic
scaling of its capacity, as a function of the input power, is
known [|17]]. However, @ remained a conjecture since the
Poisson channel obtain from the reduction is non-standard:
Its power constraint increases with the blocklength (amounts
to MP1gl Al "and its inputs are restricted to the integers.

In [18]] a rigorous approach to this conjecture was made,
based on the original multinomial sampling model, rather than
the Poisson sampling model. A converse result, based on a
Poissonization of the multinomial (e.g., [19, Ch. 5]) shows that
the log-cardinality cannot be better than (T)), up to an o(@)
additive term. On the other hand, an achievability result
shows that @) can be achieved, however, under the additional
condition that 8 € (m, ﬁ), that is, the molecule is
not very short. The proof of achievability in [18] is based
on Feinstein’s maximal coding bound [20] [21, Thm. 20.7],
and is rather intricate. It is based on several steps, aiming to
rigorously address the reduction of the multinomial channel
to a Poisson channel, the integer constraints on its input,
and other constraints which stem from these reductions. This
resulted the additional condition, which left open the rigorous
establishment of the conjecture whenever 3 € (0, m)

Our main contribution in this paper is to complete the
picture, and rigorously establish [[9, Conjecture 4] in the entire
short-molecule regime 8 € (0, m) We achieve this by
a direct, and rather different, proof method. We conduct a
random coding analysis, in which codewords are drawn by first
randomly choosing a point in the probability simplex based
on a Dirichlet distribution, and then rounded to integer count
vectors. Directly analyzing the average error probability of this
ensemble, leads to an achievable bound on the log-cardinality,

which matches (T)).

Works directly related to this paper, are as follows. In
[22[], which was also motivated by the short-molecule regime
with Poisson sampling, the capacity of Poisson channels with
integer (lattice) inputs was considered. In [23]], we considered
the short-molecule regime, but without a constraint on the
input being an integer, and obtained random-coding error
bounds on the error probability. This setup is motivated by
the fact that the actual sequencing costs are for different
molecules, since once a molecule is synthesized, the costs of
duplicating it are relatively low. Thus, any arbitrary molecule
frequency vector can be accurately approximated.

A full version of the paper containing full proofs and all
omitted details can be found in [24)].

II. NOTATION CONVENTIONS, SETTINGS AND PROBLEM
FORMULATION

A. Notation Conventions

For a positive integer n, we use the notation [n] to denote
the set {1,2,...,n}. The probability of an event A will be
denoted by P[A]. The expectation of a random variable X
will be denoted by E[X]. The indicator function of an event
A will be denoted by 1[A]. The cardinality of a finite set A
will be denoted by |.A|. The floor function of a real number x,
denoted by |z, is defined as |z] :=max{y € Z: y < x}.
The (n — 1)-dimensional probability simplex, denoted by P,,,
is defined as Py, := {(@1,...,2,) € [0,1]": Y0 @ =1}

B. Settings and Problem Formulation

Let Cp; be a codebook for data storage in a system that
relies on short molecules. Each codeword in Cp; is com-
posed by at most M moleculesﬂ More specifically, for any
m € {1,2,...,|Cp|}, the codeword x(m) is given by a set
of sequences of the form (:cf(m),wé(m),...7w§(m) (m)),
where J(m) < M and for every i € [J(m)], zF € AL
In the short-molecule regime, we assume that L = 3log M
for some S € (0, logli./ﬂ) and then |AF|= MPloslAl

We assume that the message m is drawn with a uniform
distribution from the set {1,2,...,|Ca|} and that all the
molecules that make up the codeword x(m) are grouped with
no preservation of order. When the message is restored, we
assume that exactly K sequences y = (yl, y%,... y%)
are independently sampled (with replacement) from the DNA
pool. We assume that the coverage depth £ = % is fixed.

Based on the sampled sequences, the decoder estimates the
message as m(y). The probability of error is given by

e =P(Y) #m], (2)

which is taken with respect to the randomness of the message
selection, the (possibly) random codebook generation, and the
sampling process.

Our main objective in this work is to resolve the direct
part of [9, Conjecture 4], which states that for A = {0, 1},

3Note that distinct codewords may be of different sizes. However, we
assume a uniform upper bound on their sizes because the cost of the input is
related to the number of molecules synthesized.



there exists a sequence of codes {Cas}ar>1 wWith { =1 and a
vanishing error probability, for which
log|Ch]| _ 1-p
MPlog M 2
Although [9, Conjecture 4] was postulated for the special cases

A = {0,1} and & = 1, in this work we address the general
case of an arbitrary A (with |.A|< oco) and & > 0.

lim sup
M —o0

3)

III. MAIN RESULT AND DISCUSSION

In our model, each codeword is composed of M short DNA
molecules, and the system designer is allowed to choose how
many copies to take from each possible string in A”. In other
words, each codeword is equivalent to an empirical probability
mass function (PMF) over M BloglAl entries; hence, generating
a codebook means choosing many empirical PMFs. While
such a codebook may be composed deterministically, it turns
out that the random coding methodology commonly used when
studying ordinary channel coding scenarios may be adapted
quite easily to the case at hand: Instead of drawing vectors
from X", one can draw PMFs from the probability simplex
and quantize the given realizations to attain empirical PMFs.

We now describe more specifically the encoding-decoding
algorithm. Let us denote n := MP1elAl and let aq,...,a,
be an ordered set of all strings in A”. Each codeword in Cyy
is generated in the following procedure. For the message m, a
random PMF P, = (P,(1),..., Pn(n)) is drawn from the
(n — 1)-dimensional simplex P,, according to the Dirichlet
distribution with vector parameters « := (1,...,1), which is
equivalent to the uniform measure over P,,.

The m-th codeword is made up of |MP,,(¢)] copies
of the string a,, where ¢ € [n]. The m-th codeword is
also represented by the empirical probability vector P, =
(P (1), ..., Py(n)), where for any £ € [n],

2 k=1 LM P ()
Given y := (y{,¥y%,...,Yk), the decoder first calculates

the frequency vector Q := (Q(1),...,Q(n)), where for any
¢ e [n],

“4)

. 1S,
Q) = 5 ;ﬂ[yi = af). (5)
One can show (as in [23} Subsection II.B]) that the maximum
likelihood decoder is equivalent to a decoder that estimates the
message as the one whose codeword minimizes the Kullback—
Leibler divergence with Q To this end, the decoder estimates
the transmitted message according to

m(y) = argmin D(Q”Pm) (6)

me[|Carl]

Theorem 1: Consider an error-free shuffling-sampling
channel with 5 € (0, m) and a coverage depth £ > 0.
There exists a sequence of codes {Cps}ar>1 with vanishing
error probabilities (e;; — 0), such that

y log|Ca| 1 — Blog|A|
1m = .
M—oc0 MPBloglAllog M 2

)

It is interesting to note that although we have considered a
general coverage depth £ > 0, the asymptotic log-cardinality
of the largest storage codebook is independent of . While
the optimal information density is independent of £, the error
probability converges faster for larger values of &, as was also
observed in the recent studies [7]], [11]], [[12].

The idea of generating PMF codewords using the Dirichlet
distribution has been borrowed from [23]], but with one major
modification: while the channel model in [23]] was assumed to
be with infinite input-resolution, this can no longer be assumed
in the current work, because each codeword is given by the
assignment of a specific number of DNA molecules into all
possible molecule types. Hence, the channel in our model is
restricted to a finite input resolution. To satisfy this restriction,
we generate a quantized version of each PMF codeword as in
). As a result of this quantization operation, the number of
DNA molecules composing each codeword is not fixed and
can be easily shown to be in the range {M —n,..., M}.
Since n = MP18lAl <« M, all the codewords have roughly
the same size. While other quantization techniques may be
implemented to yield a codebook with a fixed number of
DNA molecules in each codeword, we prefer to stick to the
specific quantization technique because of a technical reason.
At the beginning of the proof of Theorem [I] when handling
the pairwise error probability P[D(Q||P) < D(Q||p)], where
P is the true codeword, Pisa competing codeword, and Q is
the empirical distribution of the vector of samples, we upper-
bound this probability using Chernoff’s inequality, and then,
in the next step, we need to handle an expectation of the form

I1 P(z‘)“@(”] , ®)
=1

where 6 > 0 is a parameter. While the expectation in () is
not easy to solve, one can tightly upper-bound it by a constant
times the expectation

E

E

II P(z‘)"Q(”] , ©)
=1

where P = (P(1),...,P(n)) is the original, unquantized
PMF drawn from the Dirichlet distribution. Unlike products
of independent random variables, where their expectations can
be calculated by pulling the multiplication operation outside,
when dealing with products of dependent random variables,
things are usually more complicated. Although the various
components of the vector P are statistically dependent, it turns
out that the product moment in (9) can be precisely evaluated
when P follows a Dirichlet distribution. The following result
concerning product moments of the Dirichlet distribution can
be found, e.g., in [25, p. 274].

Proposition 2: Let (aq,...,a,) and (B1,. .., 3,) be posi-
tive vectors and let (Xy,...,X,) ~ Dir(ay,...,ay,). Then,
it holds that

ol o TOCiia)  yrlieits)
E[HXil_F(Zn (i + Bi)) 11 U(a;)

i=1 i=1 i=1

(10)



As can be easily seen, the expectation in @]) can be evaluated
exactly using the result of Proposition[2] and as a consequence,
we now see that, at least from a technical point of view, the
specific PMF quantization technique as defined in (@) carries
a major advantage.

The work in [[18]] considered a more general frequency-
based channel, derived tight lower and upper bounds on its
capacity, and then specialized these results to the DNA-based
storage channel with short molecules. The achievability bound
in [18]], when implemented to the DNA storage channel, yields
that

log|C|
MPBlogl AT, =

1-BloglA|  2.773 |
— 11
28 281og M+O logM )’ (i

which agrees with Theorem |1 when M — oo for an arbitrary
& > 0. It is important to mention here that the bound in
holds as long as 8 € (m, m) where the result in
Theorem |1| holds for any 3 € (0, Wl\AI)' Hence, as opposed
to the achievability result in [[18]], the result in the current paper
holds also for very short molecules.

Furthermore, the converse bound in [[18]], when implemented
to the DNA storage channel, provides that

log|C| 1 — Blog|A| 1
12
e AL S 25 O\iogar )0 P

which holds for any 8 € (0, WllA\) and thus, when combined
with Theorem [I] provides a complete characterization for the
scaling of the log-cardinality of the largest codebook in a
DNA-based storage system with short molecules.

The proof of the achievability bound in [18, Sec. IV]
is based on Feinstein’s maximal coding bound [20f], which
bounds the maximal error probability of the optimal code-
book of a given cardinality via the cumulative distribution
function of the information density of the channel (i.e., the
information spectrum). Specifically, the authors of [18] use
the extended version stated in [21, Theorem 20.7], which also
takes into account input constraints. In contrast, Theorem E] is
proved via a direct route; the pairwise error probability of the
optimal maximum likelihood decoder is upper-bounded using
Chernoff’s bound and the resulting product moment admits a
closed-form expression due to Proposition [2| and the fact that
the codewords are drawn from the Dirichlet distribution. It
turns out that the proof of Theorem [I]is considerably shorter
and somewhat easier to follow than the proof in [18| Sec. IV].

IV. FUTURE WORK

In this work, we have considered the information density
of the DNA storage channel with short molecules. While in
the current work we only dealt with the randomness that
stems from the random (multinomial) sampling of the DNA
molecules, it may be interesting to consider a generalized
model, where also the sequencing process is noisy. E.g., one
may assume that each of the M molecules is read thru a
discrete memoryless channel. A more complicated settings
may also consider insertions and deletions while sequencing.
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