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Abstract—We introduce an expurgation technique for source
coding with side information that demonstrates existence of a
code in the expurgated ensemble for which every source sequence
satisfies a desired upper bound on error probability. Applying
the developed technique, directly in dual-domain, we derive an
expurgated error exponent for standard random coding ensemble
with a possibly mismatched decoding metric.

I. INTRODUCTION

Consider a pair of discrete memoryless correlated sources
with finite alphabets & and ), and joint distribution Pxy. A
standard block source code C(n, R) is defined as a mapping
¢ of source sequences * = x1,T2,...,T, € X" to a set of
codewords M = {1,..., M} where R = logTM is the code
rate. At the receiver end, the decoder v maps each codeword
m € M and side information sequence y = y1,%2,...,Yn €
Y™ back into a source sequence &. The decoder makes an
error whenever ¢ (¢(x),y) # « and the probability of error
is given by

pe = PlY(¢(X),Y) # X]. ()

This setting is known as block source coding with decoder side
information, or Slepian-Wolf coding [1], [2]. A dual-domain
achievable random coding error exponent for the above setting
with maximum a posteriori probability (MAP) decoding was
derived by Gallager in [2] as

E.(R) = max pR — Eo(p), 0)
p€[0,1]

where the function Ey(p) is defined as

1+p
Eo<p>élogZPy@)(ZPXW(mM) e

yey reX

Gallager [2] also derived a corresponding upper bound Eg,(R)
by providing the side information sequence to the encoder,
which takes a similar form as (2) with optimization over p > 0.

Relating the Slepian-Wolf source coding problem to a
counterpart channel coding problem, a tighter achievable error
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exponent for high code rate regime (referred to as the expur-
gated exponent) was derived by Csiszar and Korner in [3] for
a generic (possibly mismatched) decoder. For the case of using
optimum ML decoder this exponent is given by

EeX(R) = HI_},;H {D(PXPX)

+ min

. T {E[d(X, X)] +R- H(X|X)}}

“4)

where d(&,Z) is the Bhattacharyya distance, defined as

d(z,%) = —log Z \/Py\x(y@)PY\X(yW) )
yey

Exploiting the connection to counterpart channel coding
problem and using permutation codes, the exponent in (4) was
also derived later by Ahlswede and Dueck in [4]. Both proofs
in [3], [4] rely on type analysis and combinatorial arguments
and do not use random coding or expurgation.

In this work we develop an expurgation technique for source
coding with side information, and then employ it to directly
derive a dual-domain expurgated exponent under generic,
and possibly mismatched, decoding metrics. Specifically we
consider a maximum metric decoder of the form

Y(m,y) = argmax q(z,y), (6)

zEX":p(x)=m

where ¢ is an arbitrary non-negative decoding metric.

II. MAIN RESULT

We develop an expurgation method for source coding that is
valid for any source and side information model with arbitrary
decoding metric. The method is based on repeated expurgation,
starting with all sequences in X", in each repetition we
show existence of a code in the random coding ensemble
for remaining source sequences, such that half of those meet
a desired upper bound on the error probability. In order to
exhaust all sequences, the expurgation process is repeated
for at most nlog, |X| times. Combining the selected codes
from all repetitions, we obtain a code in which all the source
sequences satisfy the desired upper bound as given by the
following lemma. We first define the ensemble.



Definition 1. The standard random coding ensemble is the
set of all (n, R) standard block codes for source alphabet X
where each source sequence is mapped independently and with
equal probability ﬁ into one of the M codewords.

Lemma 1. There exists a code Coy in the standard random
coding ensemble such that for every source sequence x € X"
and p >0

pel®, Cex) < (2E [pe(w, )7 ] ), %)

where the expectation is over the standard random coding
ensemble with L codewords with k = nlog, |X|.

Considering the standard random coding ensemble and
applying Lemma 1 we obtain the following achievable error
exponent for memoryless sources employing a memoryless
decoding metric ¢(x,y) = [[;—; ¢(z:, vi)-

Theorem 1. For every R > 0 and every distribution Pxy €
P(X x ) there exists a standard block source code with max-
imum metric decoder (6) employing decoding metric q(z,y)
that achieves the exponent

Ey(R) = max{E, (R), By ex(R)}, 3
where
Eq,r(R) = sup ,OR—ES(,O,S), (9)
p€[0,1]
s>0
Egex(R) = sup pR — Ex(p, s), (10)
p=1
s>0
with
Ey(p,s) =log PXY(%y)( (q(@y))S),ﬂj
rEX,yeY TEeX q(x,y)
(11)
Ex(p,s)
B azy\ )"\
=log Y | > (D Pxv(z.p) . (12)
T€EX \ZTEX \y€Y q(z,y)

Proofs of Lemma 1 and Theorem 1 can be found in [5].
Noticing that exponent is a convex function of the rate and
the maximizing p is the slope of the exponent curve, similar
to [6, Ch. 5] by evaluating the partial derivative of the exponent
to find the rate at which p = 0 maximizes the exponent, we
obtain the following rate achieved by standard random coding:

. q(z,y)*
Hy(X|Y)=inf = " Pxy(a,y)log -
‘ 2o S a(@.y)°
b TEX
(13)
=H(X[Y) + inf D(Pxy|Q¥]y ). (14)

where Qgﬁfy(w\y) = %
TEX
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Fig. 1: Error exponents for the source X and side information
Y with joint distribution given in (15). The mismatched
decoder uses the minimum Hamming distance metric in (16).

III. EXAMPLE

The joint distribution of the source X with side information
Y is defined by the entries of the |X'| X || matrix

0.49 0.005 0.005
Pxy = 10.015 0.27 0.015 (15)
0.05 0.05 0.1

We consider using a mismatched decoder with a memoryless
metric given by the matrix

1-26 ) 1)
q(z,y) = 0 1—-20 1)
) ) 1-26

(16)

with § € (0, ). This is equivalent to a minimum Hamming
distance decoding metric.

Figure 1 illustrates the exponents for the standard ensemble
with both matched (MAP) and mismatched decoders and
Csiszéar and Korner’s exponent ECX from [3] with a matched
decoder. We observe that the derived expurgated exponent in
(8) is higher for the matched decoding and it is weaker than
the exponent of [3] for high rates.
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