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Dual-Domain Expurgated Error Exponents for
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Abstract—We introduce an expurgation method for source
coding with side information that enables direct dual-domain
derivations of expurgated error exponents. Dual-domain methods
yield optimization problems over few parameters, with any sub-
optimal choice resulting in an achievable exponent, as opposed to
primal-domain optimization over distributions. In addition, dual-
domain methods naturally allow for general alphabets and/or
memory. We derive two such expurgated error exponents for
different random-coding ensembles in the case where the decoder
is possibly mismatched with respect to the source and side infor-
mation joint distribution. We show the better of the exponents
coincides with the Csiszar-Korner exponent obtained via a graph
decomposition lemma. We show some numerical examples that
illustrate the differences between the two exponents and show
that in the case of source coding without side information, the
expurgated exponent coincides with the error exponent of the
source optimal code.

Index Terms—Source coding with side information, mis-
matched decoding, error exponents, expurgated error exponent,
random code ensembles.

I. INTRODUCTION

ONSIDER a pair of discrete memoryless correlated

sources with finite alphabets X and )/, and joint distribu-
tion Pyy. The pair of i.i.d. sequences of length n generated at
random by the two sources are denoted by X = X, X5,..., X,
and Y = Y, Y,,...,Y,, while realizations are denoted with a
lowercase font as x = x, x2,...,x, and y = y1,¥2,...,¥,. An
encoder observes X and maps it into a codeword (or bin) m,
chosen from a set of M codewords. A standard block source
code C(n, R) is defined as a mapping ¢ : X" — M of source
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sequences x € X" to a set of codewords M = {1,..., M}
where R = logTM is the code rate. At the receiver end, the
decoder observes the codeword m and, along with the side
information y, provides an estimate of the original source
sequence. More formally, the decoder ¢ : M x V" — X"
maps each codeword and side information sequence back into
a source sequence X. The decoder makes an error whenever
Y(¢(x),y) # x and the probability of error is given by

pe = PlY(o(X),Y) # X]. (D

This setting is known as block source coding with decoder side
information, or Slepian-Wolf coding [1], [2]. In this paper, we
are interested in the exponential decay rate of the decoding
error probability with block-length n, known as the error
exponent or reliability function.

In [2], Gallager derived an achievable error exponent for
the above setting using random coding, or random bin-
ning, and maximum a posteriori probability (MAP) decoding.
In Gallager’s random coding ensemble, source sequences are
mapped to codewords (or bins) uniformly at random in a
pairwise independent manner. The corresponding achievable
exponent is

E(R) = max pR — Ey(p) 2
pel0,1]

where the function Ey(p) is defined as

1+p

Eo(p) =log Y  Py) [ D Puri™ | . ()

yey xeX

The function Ey(p) is known to be related to Arimoto’s
conditional Rényi entropy as Eo(p) = pH + XY) [3].
We refer to E.(R) as the random-coding error exponent, due
to close resemblance in proof and form to the random-coding
error exponent in channel coding [4], [5]. The form in (2)
is known as a dual domain expression. An equivalent primal
domain' expression for E.(R) is given as

E(R) = min D(Pgyl|Pxy) + [R-HEID[" @)

where the minimization is over all joint distributions Pgy on
X x Y. A direct achievability proof that yields the primal
domain expression in (4) is given by Csiszdr and Korner in
[6], where type analysis and universal minimum entropy (ME)
decoding are employed.

'Dual domain expressions can be derived from their primal domain coun-
terparts using Lagrange duality techniques.
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While E(R) provides a lower bound on the reliability
function, Gallager [2] also derived a corresponding upper
bound, which takes the following form

Eqp(R) = suppR = Eo(p). 5)
p=

We will refer to this as the sphere-packing exponent, as it
closely resembles the sphere-packing exponent in channel
coding [7]. The sphere-packing exponent Eg,(R) is derived
by providing the side information sequence Y to the encoder,
and is in fact equal to the error exponent of conditional
source coding, where side information is available to both
encoder and decoder. The sphere packing exponent admits an
equivalent primal domain expression [6] given as

D(Pgy||Pxy). (6)

Ep(R) =  min
Pgy:H(X|V)2R
Both E(R) and E,(R) are non-negative for rates in the range
H(X|Y) < R < 1log|S(X)|, where S(X) € X is the support
of Pyx; and are equal to zero for 0 < R < H(X|Y). Moreover,
E(R) and E,(R) coincide in the range H(X|Y) < R < R,
where R, is the largest rate at which the convex curve
E(R) meets its supporting line of slope 1. Note that R, is
reminiscent of the critical rate in channel coding.

A. Expurgated Exponent

For a range of rates above the critical rate R, a tighter
achievable error exponent was derived by Csiszar and Korner
in [8], and is given by

Eex(R) = Hfl,l_n %D(P)?”PX)

+ min {E[d(f(, X)) +R- H(f(|)?)}} 7
sx:Py=Pg
HEX|X)>R

where d(X, %) is the Bhattacharyya distance between Py x(-|X)
and Pyx(:|%), defined as

d(%,%) = —log Z vV Pyix (1) Pyx (y1%). ®)
yey

The exponent E.(R) is often referred to as the expurgated
exponent, since it can be seen as a source coding counterpart
to the expurgated exponent in channel coding when expressed
in the primal domain [8], [9, Problem 10.18]. Relating the
Slepian-Wolf source coding problem to a counterpart channel
coding problem with input X and output Y is in fact the first
step in the proof of Csiszar and Korner [8], as well as a later
proof by Ahlswede and Dueck [10].

In deriving the expurgated exponent E.(R), Csiszar and
Korner [8] employ a type-by-type block coding scheme,
in which source sequences assigned to the same codeword
(or bin) all have the same type. Since source sequences of the
same type have the same probability, optimal MAP decoding
reduces to maximum likelihood (ML) decoding in this case,
which was used to derive (7). In the code construction, instead
of relying on random coding, a graph-theoretic decomposi-
tion lemma is used to show that every type class can be
partitioned into so-called “balanced” sets with a favorable
packing property, and these balanced sets are taken as bins.
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The same exponent was later derived by Ahlswede and Dueck
in [10] by exploiting the connection to the counterpart channel
coding problem and using permutation codes. In particular,
their approach relies on covering each source type class using
permutations of a good constant-composition channel code of
the same type, that achieves the channel coding expurgated
exponent.

Both the Csiszdr-Korner and Ahlswede-Dueck proofs of
the expurgated exponent rely heavily on type analysis and
combinatorial arguments, and do not use random coding or
expurgation, at least not in a direct manner. Moreover, their
derivations yield the primal expression in (7), and currently
it is not known whether this expression admits an equivalent
dual form.

The main objective for our present work is to find a
dual-domain derivation for the expurgated exponent in source
coding with side information, mirroring Gallager’s original
proof of the expurgated exponent in channel coding [4].
Gallager’s expurgation approach does not directly apply here
as in the source coding setting, one cannot simply remove a
“bad” fraction of source sequences. A dual-domain derivation
is also expected to yield non-asymptotic bounds that are valid
for settings with arbitrary memory, countable source alphabets,
and general side information alphabet. Furthermore, compared
to the primal expression in (7), a dual domain expression will
likely have far fewer parameters and will hence be easier to
compute and evaluate.

B. Mismatched Decoding

Another motivation for our current work is to evaluate
error exponents for source coding with side information
under generic, and possibly mismatched, decoding metrics.
Mismatched decoding, thoroughly studied in the context of
channel coding, is the setting for which the decoder employs a
fixed decoding metric, not necessarily related to the probability
law describing the system (see [11] and references therein).
Mismatched decoding naturally arises in cases where the
decoder cannot accurately estimate the system’s parameters,
or in cases where, for complexity reasons, the one prefers
an alternative decoding metric. To this end, in the considered
setting we adopt a maximum metric decoder of the form

Y(m,y) = argmax ¢(x,y), 9)
xXeX:p(x)=m

where ¢ is an arbitrary non-negative decoding metric. Upon
observing m and y, the decoder chooses the source sequence x
whose metric is highest out of those encoded to m. The decod-
ing metric is said to be memoryless if g(x,y) = [ 1L g(xi, ).
In this case, and under memoryless source and side informa-
tion, the optimal MAP decoder is recovered by choosing the
metric as g(x,y) = Pxy(x[y). Otherwise, the decoder is said
to be mismatched. As we shall see further on, the majority of
our derivations are valid for an arbitrary metric g(x,y). With
that said, in our single-letter asymptotic results, we choose to
focus on the memoryless case.

Under an arbitrary memoryless decoding metric g, primal-
domain random coding and expurgated exponents that gener-
alize (4) and (7) can be distilled from the results of Csiszar
and Korner [8], obtained using their graph decomposition
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approach. These results are derived for a generic class of
decoders called a-decoders, which includes the memoryless
mismatched decoder as a special case. The corresponding
random coding and expurgated exponents are given by

EX(R) = min_D(Pgl|Pxy) + IR - HX|V)|, (10)
Pyxy€T
and
Egw(R)= min_D(PgsllPxy) + R~ HXIX. V) (11)
HIR)=R

respectively, where the set of distributions 7 is defined as
T = {Pyxs € PQX x X x V) Py = Py,
B[logq(X, 7)] > E[log g(X, )]}

These exponents reduce to their matched counterparts in (4)
and (7) when the decoding metric g(x,y) = Pyx(y|x) is chosen
to be the ML decoder, which is optimal in this case due to the
type-by-type coding scheme used in [8].

From (10) and (11), we obtain the Csiszar-Korner’s achiev-
able exponent given by

12)

ESNR) = max {ESS(R), ES5, (R)} . (13)

Dual-domain derivations and expressions for (10) and (11),
and hence (13), are currently not known. This is a gap in the
literature that we aim to address in the present paper.

There is a body of work on variable-rate codes for source
coding with side information, see e.g. [12], [13], [14].
In the variable-rate setting, the sequences of the types that are
bounded away from source distribution Px (assuming that the
distribution Py is known exactly) are losslessly encoded. This
relaxation of the rate constraint does not affect the average
rate asymptotically and improves the error exponent when
the dominant error of the fixed-rate codes are caused by
one of those types. The works [12], [14] analyze the trade-
off between the error-exponent and excess-rate exponent for
the variable-rate setting. While the idea of using variable-rate
codes for the source coding with side-information problem is
well-investigated for the matched case, it does not immediately
extend to the mismatched case. In this paper we focus on the
setting of fixed-length (fixed-rate) codes and do not consider
variable-rate codes.

C. Contribution
The main contributions of the paper are as follows:

e In Section II, we present our main theorems on dual-
domain achievable exponents with mismatched decoding
for two random coding ensembles, namely standard
ensemble and type-by-type ensemble. These theorems
show the existence of a code that attains the maximum
of two exponents, namely random coding and expurgated
exponents. The dual domain exponents for type-by-type
ensemble and expurgated exponent for standard ensemble
appear for the first time in the literature. We further
show the equivalence of the dual domain exponents
to the Csiszar-Korner’s achievable exponent in (13).
We also present relative comparisons of these achievable
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exponents and state the family of metrics that attain the
corresponding optimal exponent. The achievable rates for
these ensembles together with their relation to the gener-
alized mutual information and LM rates of mismatched
decoding in channel coding are also presented.

e In Section III, we introduce an expurgation method for
source coding that is valid for general source and side
information models and arbitrary decoding metrics. The
expurgation method works for either of the two code
ensembles and can be summarized as follows. We first use
Gallager’s expurgation technique, developed for channel
coding [4], to show that there exists a code in the
ensemble such that at least half of the source sequences
satisfy a desired error bound. We expurgate the “bad”
half of source sequences, encode them separately into a
new set of codewords, and apply expurgation again. The
error bound derived in the previous iteration remains valid
here, since we now have fewer source sequences. The
procedure stops after (at most) k = nlog, |X| iterations,
once all source sequences are exhausted. Combining the
expurgated codes from all iterations, we obtain a code in
which all the source sequences satisfy the desired error
bound.

e Based on our expurgation method, in Sections V
and VI, we derive non-asymptotic bounds that are valid
for any discrete source model with arbitrary side infor-
mation alphabet and arbitrary decoding metric.

D. Notation

We use bold symbols for vectors (e.g. x), and denote the
corresponding i-th entry using a subscript (e.g. x;). The set of
all probability distributions on an alphabet X, is denoted by
P(X), and the set of all empirical distributions on a vector in
X" is denoted by P,(X). For a given type P € P,(X), the type
class 7, (P) is defined to be the set of all sequences in X" with
type P. The probability of an event is denoted by P[-]. The
marginals of a joint distribution Pxy(x,y) are denoted by Px(x)
and Py(y). We write Py = Oy to denote element-wise equality
between two probability distributions on the same alphabet.
Expectation with respect to a joint distribution Pxy(x,y) is
denoted by Ep[-], or simply E[-] when the associated prob-
ability distribution is understood from the context. Given a
distribution Qx and conditional distribution Wyx, we write
Ox x Wyx to denote the resulting joint distribution and the
corresponding mutual information is written as 1(Qx, Wyx), or
simply I(X;Y) when the distribution is understood from the
context. We use standard notation for the entropy H(X) (also
sometimes shown as H(Q) to emphasize the distribution of the
random variable), conditional entropy H(X|Y) and divergence
D(P||Q). All logarithms have base e and all rates are in units of
nats including in the example. We denote the indicator function
of an event by 1[-].

II. MAIN RESULTS

In this section, we introduce our main results, which are
dual domain expressions of expurgated error exponents. These
expressions are obtained directly in the dual domain by
means of an expurgation method detailed in Section III for
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two different code ensembles. These code ensembles differ
on whether the set of source sequences and codewords are
partitioned or not. The relative merits of these ensembles are
illustrated by means of a numerical example. Proofs of the
results are given in Sections V, VI and VII, respectively.

A. Standard Block Random Coding

Definition 1: The Standard Random Coding Ensemble is the
set of all (n,R) standard block codes for source alphabet X’
with a probability measure over the codes having the following
property: each source sequence is assigned independently and
with equal probability 1\1—4 into one of the M = e"® codewords.

For the standard random coding ensemble we have
the following result concerning achievable error exponents
for memoryless sources employing a memoryless decoding
metric.

Theorem 1: For every R > 0 and every distribution
Pxy € P(X x )) there exists a standard block source code
with maximum metric decoder (9) employing decoding metric
q(x,y) that achieves the exponent

E,(R) = max{E,(R), Eyex(R)} (14)
where
E,(R)y= sup pR-Ep,s) (15)
pel0,1],5>0
Eq,ex(R) = Ssup PR—Ex(P, s) (16)
p>1,5>0
with
a&@»\'Y
E(p,s) =1 P ) ’ 17
(0, 9) nge;yey xr(X,) (ZX (q(x’y))> (17)
Ex(p, s)
NP
g% )\’
=1 P , 18
ogY (DD Purx y)(q(x,y)) (18)

xeX \ xeX \ yeY
and the optimization is over real parameters p and s.

Proof: The proof is structured in two parts. The first part
consists of showing that there exists a code for which the error
probability for every source sequence x € A meets a certain
upper bound (stated in Lemma 1). This bound is derived
in Section III-A by introducing a method for expurgation in
source coding with standard ensemble. The second part of the
proof is the analysis of the bound in Lemma 1, which results
in the exponent (14). This can be found in Section V. [ ]

In deriving the error exponent of Theorem 1 we derive
n-letter bounds in (96) and (114) that are valid for any discrete
source with arbitrary side information alphabets and arbitrary
decoding metrics without the memoryless assumption. These
bounds can be used to derive error exponents for general
source models.

B. Type-by-Type Random Coding

We now introduce a different block random coding ensem-
ble that encodes each source type separately. As will be shown
next, this attains potentially a higher error exponent than the
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standard block code ensemble under the same decoding metric.
Consider partitioning the codeword set M = {1,---, M} into

[Pn(X)]
|P.(X)| subsets as: M = | J M; where M,; is the codeword

i=1
set for source type P;, i € {1,--- ,|P(X)]}, IM,| =
MiNnM;=0fori=#j.

A type-by-type block source code C = {Cy, -+ ,Cip,x)} is
the union of |P,(X)| codes where each C; is an (n, R;) block
code for source type P; with mapping function ¢; : 7,(P;) —
M; and rate R; = €Y% — 5, for i € {1, ,[P,(X)l}, where
Op = w In other words, code C; is a code for the source
sequences in source type class T.(P;) with codeword set M.
Observe that by construction, every code C; has the same rate,
and that an error can only occur between source sequences of
the same type. We also note that the effect of partitioning the
codeword set on the coding rate vanishes asymptotically since
0, > 0 as n — oo.

Definition 2: The Type-by-Type Random Coding Ensemble
is the set of all (n, R) block codes for the source alphabet X
with a probability measure over the codes having the following
property: For every source type Piie{l, - ,|PJX )|}, each
source sequence X € TAP)) is independently assigned with
equal probability ﬁ to each of the codewords in M;.

The decoder for a type-by-type code C is a set of mappings
Wit MixY" — T.(P)) for everyi € {1,---,[P,(X)|}. Similarly
to the standard ensemble, we consider using a maximum
metric decoder as follows. For every m € M;

'ﬁi(m,.)’) =

M
.o and

19)

argmax  g(x,y),

x€T,(P)):i(x)=m
where ¢g(x,y) is an arbitrary non-negative decoding metric.
For the type-by-type random coding ensemble we have the
following result concerning the achievable error exponents
for memoryless sources employing a memoryless decoding
metric.

Theorem 2 (Type-by-Type Random Coding): For every
R > 0 and every distribution Pxy € P(X x )) there
exists a type-by-type block source code with maximum metric
decoder (19) employing decoding metric g(x,y) that achieves
the exponent

Eg(R) = max{E, (R), E .,(R)} (20)
where
E;(Ry=  sup  pR— E(p,s,a(") (21)
pel0,1],5>0,a(-)
Ey(R)= sup pR— Ex(p,s,a(") (22)
p=1,5>0,a(-)
with
E(p, s,a(-))
“log Y P (3G (D) p (23)
y Xy BT £ et q(x,y)
xeX . yey xeX
Ex(p, s,a("))
1\ P
—10 Z Z ZP (X )i@ ‘I(J_C’)’) 3 (24)
B g»ex wex \y W gt q(x,y)
X X yey
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and the optimization is over real parameters p,s and real-
valued functions a : X — R.

Proof: The proof is structured in two parts. The first part
consists of showing that there exists a code for which the error
probability for every source sequence x € X meets a certain
upper bound (stated in Lemma 2). This bound is derived in
Section III-B by extending the introduced expurgation method
to type-by-type ensemble. The second part of the proof is
the analysis of the bound in Lemma 2, which results in the
exponent (20). This can be found in Section VI [ ]

In deriving the error exponent of Theorem 2 we derive
n-letter bounds in (127) and (141) that are valid for any
discrete source with arbitrary side information alphabets and
arbitrary decoding metrics without the memoryless assump-
tion. These bounds can be used to derive error exponents for
general source models.

The following result shows that the error exponent intro-
duced in Theorem 2 coincides with Csiszar and Korner’s [8]
for the case of using memoryless metric.

Proposition 1 (Primal-dual equivalence): The dual-domain
error exponent derived in Theorem 2 coincides with the
Csiszar-Korner exponent (13) derived in the primal domain
via graph decomposition, i.e.,

EJ(R) = EN(R). (25)

Proof: The proof has two parts. In the first part the equiva-
lence of E;k(R) in (10) to E‘qt’r(R) in (21) is shown. In the

T

second part the equivalence of EX (R) in (11) to EY_ (R)

q.ex q,ex
in (22) is shown. The proof can be found in Section VII. =

In proving the equivalence of the primal and dual forms
of the type-by-type exponent we show the following relations
between type-by-type exponents and the exponent of constant
composition codes for a corresponding channel as follows,

Eg.(R) = D(QIIPx) + Eg;, (H(Q) =R, Q. Pyx),  (26)
E'(R) = DQIIPx) + ES, (H(Q) - R, 0, Pyx),  (27)

where E;fr (-,-,-) and E¢¢

gex (s s -) are defined in (145) and (160),
respectively, and

Q(x) = CPx(x) Y Py(yl)
ey

x Zﬂ a0\ (28)
— e \ q(x,y) ’

Xe

O(x) = CPx(x)

L\ P

a*(%) T s
X Z ZPHXO)'X)Z[J*(X) (Q(x,y))

TeX \ ey q(x.)

(29)

and C and C are the normalization constants and s, p* and
a*(+) in (28) and (29) are the optimizing choices, respectively
in (21) and (22) for rate R.

The following results are relative comparisons among the
exponents introduced in the previous theorems, stating the
families of metrics that attain the optimal exponent.
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Corollary 1: For every mismatched decoder employing
decoding metric ¢g(x,y), we have that

E4(R) < Eg,(R) < E(R), (30)

where E;(R) is defined in (2) and the equality Ef;,r(R) =E.(R)
holds for any

q(x,y) = "0 Py (xly)” (31)

with arbitrary b(x), c(y) and 7 > 0. Furthermore, the equality
E,(R) = E.(R) holds for any

q(x,y) = ¢V Pxy(xly)” (32)

with arbitrary c¢(y) and 7 > 0.

Proof: The first inequality in (30) follows by setting a(x)
equal to a constant for all x in (21). To show the second
inequality we write the summation inside the logarithm in (21)
as

d.P Y(y)( > Pay(xly)e ™ Vq(x, y)“’)
yey xeX
P
x (Z ¢“Vq(x, y)s) SN EX)

xeX

We now apply Holder’s inequality:

1+p P
(Za}“b}“) < (Zai) (Zb;’) S ED

Identifying a; = Pxy(xly)e”@q(x,y)™ and b; =
(e“(x)q(x, ¥)*), we conclude that (33) is lower bounded by

I+p
> Py(y) (Z Pw(xly)lin) .

yey xeX

(35)

The necessary and sufficient condition for equality in (34)
1

is that @; = cb/ for all i and some positive constant c.
Applying this to (33) for all y in outer summation, we show
that E;"r(R) = E.(R) holds for any decoding metric of the
form given in (31). Similarly, rewriting the summation inside
logarithm in (15) and applying Holder’s inequality we can
show that E,(R) = E.(R) holds if and only if the decoding
metric is of the form given in (32). [ |

Corollary 1 shows that both type-by-type and standard
ensembles recover E.(R) with a family of metrics given
by (31) and (32), where the latter is a subset of the
former and both include the MAP decoding as a special
case.

In order to compare the mismatched error exponents
introduced in previous theorems with their matched coun-

terparts, we define the following matched expurgated
exponents.
Eex(R) = sup pR
p>1,5>0
1\ P
Pxiy(Ely)\’
-1lo Pxy(x, )(— (36)
g% ZX I Vo
X X yey
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ES(R)= sup pR—log )  Px(x)
pzlat) xeX
1\ P
ea(fc) L
o2 S VPORPROL) (37
xeX \ yeY

Similarly to Corollary 1, we have the following.
Corollary 2: For every mismatched decoder employing
decoding metric g(x,y), we have that

E ex(R) < Ej o (R) < Eg(R), (38)

E(R) < EG(R), 39)

and the equality Ej . (R) = EG(R) for all 0 < R < log|&X]|
holds for any

q(x,y) = " Py (aly) (40)

with arbitrary b(x), c¢(y) and 7 > 0, furthermore, the equality
E,ex(R) = E&(R) holds for a given 0 < R < log|X| for any

a(x,y) = ¢ (9 P19

where a(-) is the optimal choice for given R in (37) and choice
of ¢(y) and 7 > 0 are arbitrary.

Proof: The first inequality in (38) follows by setting a(x)
equal to a constant for all x in (22). The second inequality
in (38) follows from [8]] and Proposition 1.

For a metric of the form given in (40), after some simplifi-
cation we can rewrite (22) as

(41)

ES (R)= sup pR—log)
p=1,5">0,r(-) YeX
N
D (Pyx(y1D))"
Z ZPX y o, 9)° e (m) . (42)
xeX \yey

where s’ = 75 and r(x) = pa(x) + sb(x) + tslog Px(x). As can
be found in Section VII, we can rewrite this in similar form
to (171) as

q.ex

E' . (R) = inn {D(Q”PX)

+ sup {ES(0.0) - p(H(Q) - B)} } (43)

oz
where
ES(Q.p)= sup —p )y Q()logy 0D
5720.r() xeX XeX
o PY|x(y|x)) '

P 44

<[ 37 Pyx1n0® o ( PrGl0 (44)

ey

It has been shown in [15] that s’ = § optimizes (44) while
the optimal choice of r(-) is unclear in general. Replacing the
latter optimal choice in (42) and further simplification results
in (37).

Replacing the metric g(x,y) in (16) with (41) and setting
s = 1 results in (37).

The inequality in (39) follows by setting r(x) = s’ log Px(x)
in (42) which is an equivalent form of (37). [ ]
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Corollary 2 shows that both type-by-type and standard
ensembles recover EL(R) with a family of metrics given
by (40) and (41), where the earlier recovers the exponent for
full range of rates with the same metric whilst latter recovers
it with a different metric for each rate R.

C. Special Case: No Side Information

Specializing the result of Theorem 1 to block source coding
without side information, we recover the following exponent
for the case of using a mismatched metric g(x) as

— N P
E,R) = sup PR =1log Y Px(x) (Z (%)) . (45)

£20.520 xeX xeXx
For ¢g(x) = ZP);’(XX(L) 7 > 0, which includes the matched

decoding as si)ecial case, the above exponent recovers the
exponent of the optimal code as [16]

I+p
E(R) = suppR — log (Z Px(x)™e ™+ ) . (46)
P20 xeX
Theorem 2 recovers (46) independent of the employed
decoding metric. In particular, by setting a(x) = log Px(x)
and s = 0, the type-by-type exponent recovers the exponent
of the optimal source code (46).

D. Achievable Rates

In this section, we derive the achievable rates for both stan-
dard and type-by-type random coding ensembles. Noticing that
exponent is a convex function of the rate and the maximizing p
is the slope of the exponent curve, the achievable rates
for both random coding schemes can be obtained similarly
to [5, Ch. 5] by evaluating the partial derivative of the exponent
to find the rate at which p = 0 maximizes the exponent.

For the standard random coding case using (15) we find the
achievable rate as

— i g(x, )’
HyXIY) =inf— > Pxy(xy)log—=——  (47)
520 > q(x,y)*
xeX,ye)y fex
= H(X|Y) + inf D(Pxr| Q). (48)
where QX‘Y(ny) Zq(;()x)))"
Similarly for the type-by-type random coding case
using (21) we find the achievable rate as
tt _ _
HiXW) = inf = 3 Pur(xy)
xeX,yey
qlx, y)’e"®
xlog =—= 49
T e W
xeX
= HXIY) + inf Dyl Q™). (50)
X, s u())
where QX‘Y( ))(x|y) = %

By inspecting the optlmlzatlon problems in (47) and (49)
we have that

Hy(X|Y) > Hy(X|Y). (51
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The expressions of the above achievable rates bear a strong
resemblance to their channel coding counterparts, the gener-
alized mutual information [17] achieved by iid coding, and
the LM rate [8], [18] achieved by constant composition codes.
Indeed, as shown next, these achievable rates can be expressed
as a function of the generalized mutual information and the
LM rate.

Corollary 3: The achievable rate H,(X|Y) is related to
the generalized mutual information [17] of corresponding
channel Wyx(ylx) = PG with decoding metric g(x,y) =

| Px(x)
q(x,y)P(x)"+ as

Hy(X|Y) = HX) - I;M (Py, Wypx) (52)
where s* is the optimizing parameter in (47) and
ISMI(PX’ Wyx) = sup Z Pxy(x,y)
>0 e x yey
q(x,y)*
xlog —=——"—— (53)
EY Py®aE

XeX
is the generalized mutual information [17].

Proof: Denoting the objective in (47) as H, ((X|Y) we have
q(x,y)*
> q(xy)

xeX
+ ) Px(x)log Px(x) + H(X)
xeX

=— Y Pu(xy)log

xeX yey

=- Z Pxy(x,y)log

xeX,yey

Hyo(XIY) == Y Pyy(x.y)log
xeX yey

(54)

q(x,y)*
Px(x) 3~ q(x,y)*
xeX
g(x,y)*
> Px(Dg(x,y)
xeX

= —I (Px, Wyx) + H(X)

+ H(X) (55)

+ H(X) (56)

(57)

where in (56) we have used the definition of decoding metric
q(x,y) = q(x, y)P(x)‘-lv. Taking the infimum of H, ((X]Y) over
s and denoting the corresponding s by s* we obtain (52). =

Corollary 4: The achievable rate H};(XlY ) is related to the
LM rate [8], [18] of corresponding channel as

Hy(XIY) = HX) = I;M(Px, Wrp). (58)
where
IM(Px,Wyy) = sup Y Pyy(x.)
$20.60) e x yey
s ,b(x)
« log q(x,y)’e (59)

> Px(D)gq(X, y)Te?®
XeX
is the LM rate [8], [18].

Proof: Denoting the objective in (49) as HY

q,S,a

(X|Y) we have
q(x,y)’e"®

HY (XIV)== Y Pxy(x.y)log—=————
q,5,a ’ ¥ V) pa(X)
xXeX yeY erQ:( q(%.y)'e
+ ) Px(x)log Px(x) + H(X) (60)
xeX
q(x,y)’e"
=— P L)1 — 4+ H(X 61
D Prrny)log 5o e T HX) - (6)
xeX A
yey xeX
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R
Fig. 1. Error exponents for the source X and side information Y with

joint distribution given in (64). The mismatched decoder uses the minimum
Hamming distance metric.

g(x,y)*e"

== F 1 — + HX 2
; xr(ey)log 5= s T HXO (6D
yeYy xeX

= —Igsp(Px, Wyx) + H(X), (63)

where (62) follows from replacing ¢*™® = Px(x)e’™. Now
taking the infimum of Hf;,swa(X|Y) over s and a(-) we
obtain (58). [ |

The achievability of the rate in (58), expressed in the primal

domain, was observed in [19, Corollary 1].

E. Numerical Example

We conclude this section with a numerical example. The
joint distribution of the source X with side information Y is
defined by the entries of the |X| X || matrix

0.588 0.006 0.006
0.03 0.24 0.03
0.02 0.02 0.06

Pxy = (64)

with X = Y = {0,1,2}. We consider using a mismatched
decoder with a memoryless metric given by the matrix

1-26 ¢ )
q(x,y) = 6 1-26 ¢
) 0 1-26

(65)

with 6 € (0,1). For any value of the 6 € (0,1), the
corresponding decoder is exactly the same and is equivalent
to a minimum Hamming distance decoding metric. This is
because for any ¢ and ¢’ in this range one can find an s =0
such that (1—6&)5 = (1_5—%‘5/)5 , so the optimization over s makes
the explicit choice of the ¢ irrelevant as long as it is in the
range of (0, 1).

Figure 1 illustrates the exponents for the standard and
type-by-type ensembles with both matched and mismatched

decoders. The sphere-packing upper bound is also shown for
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reference. We observe that the type-by-type expurgated expo-
nent is higher for both matched and mismatched decoding.
Indeed, as discussed earlier, in the matched case, the random
coding components of E,(R) and E;‘(R) (for the rates below
the critical rate R.) both coincide with the sphere-packing
upper-bound. The corresponding achievable rates are marked
with dots in the figure. The conditional entropy H(X|Y) =
0.3879 nats is the limit for the matched case while in the
mismatched case we respectively have H,(X|Y) = 0.4283 nats
and Hy(X|Y) = 0.4140 nats.

III. EXPURGATION METHOD

In this section we introduce the expurgation method for
source coding that is valid for any source and side information
model with arbitrary decoding metric. The method is based
on randomly generating codes for the source and removing
(expurgating) poor source sequences from the codes. We then
show that, there exists a code in the expurgated ensemble, such
that half of the source sequences meets a desired upper bound
on the error probability. Repeating this procedure enough
times we show that there exists a code in which all the
source sequences meet the desired upper bound on the error
probability. Details of the expurgation method are given in the
following, first for the standard random coding and then for
type-by-type random coding.

A. Standard Block Coding

Given a standard block source code C, the probability that
decoder ¢ makes an error for a source sequence x is given by

px,0)=P| | J {g®Y)2qx, V)
xeX"\x

H(X)=¢(x)

(66)

Considering the standard random coding ensemble C
defined in Section I, p.(x,C) is a random variable for
every x. Applying Markov’s inequality to this random variable,
we obtain

1
2[px.Cy 2 mE[pw. O ]~ @)
n
for any p > 0 and n > 1. Equivalently we have
1
P[pex.Cp <E[pe. O} [ 21-2. (68)
n

For a given standard block source code C, denote by Ny(C)
the number of source sequences x € X that satisfy

Pex,C) < 1B | psx.0) |. (69)

Over the standard random coding ensemble C, Ny(C) is a
random variable. Similarly to [5, p. 151], we first observe that
the expected value of Ny(C) can be lower bounded as

E[Ny(C)] =E [Z 1{pe(x,C) < nB | pelx, C)i]}] (70)

xeXxn

=) E []1 {Pe(x, C)r < 7B [pe(x, C)i]}] (71)

xeXxn
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= Z P [pe(x, C)% <nE [pe(x, C)*l’]] (72)
xeXxn
> P (1 _ 1) (73)
n

where the last step follows from (68).

Now we choose n = 2 which yields 1 — ,l] = 5 in (73).
Therefore, we conclude that there exists a standard block
code C in which at least half of the source sequences satisfy
the inequality

pex.0) < (28 [po(x,C)7 )"
Let us denote the set of above mentioned sequences as A4,
where A; C X" and | A;| > %

We now construct a code C; for the set A; from the
code C as follows: We keep all the sequences x € A
in C, which satisfy (74), and we expurgate rest of the sequences
x € X"\ A, from code C. Note that removing source sequences
can only reduce the error probability of remaining ones.
This construction yields a code C; which includes only the
sequences in A; and for every x € A; we have

Pex.C) < (22 pex.0)' |)

The rest of sequences in X"\.A, include at most half of
the original sequences. We now repeat the procedure to find
a good code from the standard random coding ensemble for
the sequences in X"\ A; (which we denote for simplicity
as C). Given a code C from the ensemble C, the probability
of decoding error for a sequence x € X"\ A; is given by (66)
with the only difference that now the corresponding union is
over ¥ € X"\ A, instead of x € X”". Therefore, the average
error probability of a source sequence in the new ensemble is
upper bounded by that of the original ensemble, i.e., for any
x € X"\ A; we have

B[pex.0) | < B[ pex. 0|

Now following similar steps as before we show existence of
a code C from the ensemble C in which at least half of the
remaining X"\ A; source sequences satisfy the inequality

pelx,C) < (28 [pe(x, C)i])p
< (ZE |:pe(x, C)i])p.

We denote by A, the set of above mentioned sequences sat-
isfying (78) where A, c X"\ A; and |A;| > W We now
construct a code C, for the set A, from the code C following
similar expurgation step described above. This construction
yields a code C, which includes only the sequences in 4, and
every sequence x € A, satisfies the desired bound as in (75).

The set X"\ A; [ J A, includes at most one forth of the
original sequences. By repeating this procedure k times, the
set X"\ Uf;l A; includes at most a fraction % of the original
sequences. By choosing k = nlog,|X| we guarantee that
Uf;l A; = X". Finally we construct the code Cx by combining
all C;’s as Cex = {C1, -+ ,Ci}. The code Ce includes all the
source sequences and every sequence satisfies the desired
bound as in (75). Considering the number of codewords in

(74)

o

(75)

(76)

(77)

(78)
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each iteration as 4,
final code Cey is M.
Therefore we proved the following lemma.
Lemma 1: There exists a code Cex in the standard random
coding ensemble such that for every source sequence x € X

and p >0

the total number of codewords of the

pex,Cor) < (22[px. O ), 9

where the expectation is over the standard random coding
ensemble with % codewords with k = nlog, | X].

B. Type-by-Type Coding

Given a type-by-type block source code C, the probability
that decoder i; yields an error for a source sequence x € ’7;,(f’i)
is given by

px,C)=P| |J {(q®Y)2qx 1)

2T, (P)\x
P(EB)=g(x)

(80)

We notice that the type-by-type ensemble C is a product of
random coding ensembles for each type C; and we can use
the expurgation argument independently for each type. Here
we only focus on a given fixed type P;. Applying Markov’s
inequality to random variable p.(x,C;), we obtain for
every x € T,(P)

1
Ppetx.Cf 2 mE[pex.Cr || <=, D)
n
for any p > 0 and n > 1. Equivalently we have
1 1 1
B[pee. ol <o [pex,Co ][ 2 1= @)

For a given type-by-type code C;, denote by No(P;,C;) the
number of source sequences x € 7,(P;) that satisfy

Pex.C)? < 1B [pex.C |. (83)

Over the random ensemble C;, No(P;, C;) is a random variable.
Now choosing n = 2, and using (82) the expected value of
No(P;,C;) is bounded below as

TP

E[N()(IS[, Cl)] > >

Therefore, we conclude that there exists a source code C; for
type P;, such that at least half of the sequences of that type
satisfy the inequality

Pex.C) < (28 [ pex.C ]

Let us denote the set of above mentioned sequences as A;
where A C [T,(P) and |A; | > T

We now construct a code C;; for the set A;; from the
code C; as follows: We keep all the sequences x € A;; in C;,
which satisfy (85), and we expurgate rest of the sequences
x € T(P)\A; from code C;. Note that removing source
sequences can only reduce the error probability of remaining
ones.

The rest of sequences in T.(PO\A;; include at most half of
the sequences from type P;. We now repeat the procedure by

(84)

P

(85)
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considering the random coding ensemble for the remaining
sequences T,(P)\A;; (denoted by C;) and finding a good
code C; from this ensemble and constructing a code Cj, for the
set Aj. Similarly to the analysis in III-A we apply this proce-
dure successively for at most k; = log, |77,(f’,<)| < nlog, |X|
times and we guarantee that U];=1 Aij = 7;(13i). Finally
we construct the code Ce; by combining all codes C;; as
Cexi = {Ci1,-++ ,Cix;}. The code Ce,; includes all the source
sequences in T.(P;) and every sequence satisfies the desired
bound as in (85). Considering the number of codewords in
each iteration as %, the total number of codewords of
the code Cey; is B In a similar way we obtain the code
for every type and combine those to construct the type-by-type
code C.

Lemma 2: There exists a code Cex = {Cex.1, " » Cex/p,(x)} N
the type-by-type random coding ensemble such that for every
iefl,---,|P,(X)|} and for every source sequence x € TP
and p >0

pex.Co) < (2B [ petx. G ]) (86)

where the expectation is over the random coding ensem-

ble for the corresponding type with % codewords and
ki = logy I T.(P))| < nlog, |X].

IV. CONCLUSION

We have introduced an expurgation method for source cod-
ing that is valid for general source and side information models
and arbitrary decoding metrics. Building on the developed
expurgation method, we have derived dual-domain multi-letter
upper bounds on the error probability of an expurgated code.
We have further specialized the bounds to memoryless source
models and memoryless mismatched decoding metrics and
derived two achievable exponents for the standard and type-
by-type random coding ensembles; the latter is shown to
coincide with the Csiszar and Korner’s exponent. We have
shown existence of a code in each ensemble that achieves the
maximum of the corresponding random coding and expurgated
exponent. While the expurgated exponent of the standard
ensemble is shown to be weaker of the two, its derivation
is relatively simpler and does not rely on the method of types.

V. PROOF OF THEOREM 1

Lemma 1 showed the existence of a good code in the
standard random coding ensemble which satisfies an upper
bound on the error probability for every source sequence. Here
we show that this code achieves the exponent of Theorem 1.
We first show the achievability of E,(R) and then E,(R).

We start by bounding p.(x,C) for a given source
sequence x and given standard code C as follows

pex,0)=P| |J {g®¥)2qx 1) (87)
bt
=Y PuxGlo1| |J {a@y) 2 qCx.y) (88)
yeyr XeX"\x
#(X)=¢(x)
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<Y PuxOl) Y 1[q@®y) = qx, )] (89)
yey" XeX"\x

d(X)=¢(x)

_ q(:‘c,y))‘v
< 1 = P , 90
<k€;\x [6(%) ¢(x)]y€2y; yix(y1x) (q(x’y) (90)

where we use union boundvin (89) and the upper-bound
1[q(x,y) > qx,y)] < ("“"’”) with s > 0 in (90).

q(x.y)
Now considering the ensemble of random standard block

source codes and denoting the induced random encoding
function by ®(-), we upper bound the E [pe(x, C)Z] using (90)
as follows

]E[pe(x, C)i] <l 3 1106 = ow)

XeXM\x
% 3 Pyxol) (M) o1
n Q(x’y)
yey
< Y E[L[OF) = Ox)]]
xexn
a@»\' )
P 2
X Z yix(vlx) (q(x,y)) 92)
yey
k a&»\')
< — Pyx(ylx) ( ) 93)
1 yezyn q(x,y)
where (92) follows from inequality (Z ai)l < Za{% for

p > 1 and including ¥ = x in the sum;nation, (93)l follows
from E[1 [O(¥) = O(x)]] < % where k = nlog, | X|is an upper
bound on the number of iterations in expurgation method.

Now substituting (93) in (79) from Lemma 1 and summing
over all source sequences we find an upper bound on the error
probability of the codebook Cex as

PeCer) = Y Px(x)pe(x,Cey) (94)
xeX"
< 3 Pu) (28 [pex,©)7 ]) (95)
xeXxn
1\ P
<Y ET S Poty (;’gi ;) (%)
xeXxn xexn \ ye)yr ’

Equation (96) is valid for any discrete source and any decod-
ing metric. We now specialize this to the case of memoryless
sources and metrics, using g(x,y) = [].; g(x;,y;). Therefore
we obtain

2k’
pe(cex) < (M)

I\ P\ "
5L\’
<[>1X ZPXY(x,y)("( y)) ©7)
xeX \ xeX ) q(x’y)
yey
— o~ P(R=6,)~Ex(p.5)) (98)
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log(2nlog, | X|)

log M
where R = 222§, = -

n

— 0 as n — oo and

Ex(p, s)
I\ P
q(fc,y))‘v
=1 P , 99
°g§ ZX g XY(X)’)(q(x’y) (99)

Hence, we show the achievability of the exponent E, ¢y (R)
by optimizing over p, s as

Egex(R) = max pR — Ex(p, s). (100)
p=1,520

To show that the same code of Lemma 1 achieves E,;(R)
we use (79) of Lemma 1 with p = 1, and obtain

Pe(x,Cex) < 2E[P.(x,0)]. (101)
Averaging over all source sequences we obtain
PelCe) = Y Px(x)pe(x, Cex) (102)
vexn
<2 > Px(x)E[P.(x.C)] (103)
vexr
=2E [Z Px(x)P,(x, C)} (104)
=2E [;:(%)] , (105)

which shows that the error probability of Ccx is upper bounded
by twice the ensemble average error probability.

Now we derive an upper bound on the ensemble average
error probability following the derivations in [2].

We start by bounding p.(y,C) for a given side information
sequence y and given standard code C as follows

P.(y,0)

=Y Puyxl| |J gy 2qxy) (106)
xeX" xeX"\x
H(X)=¢(x)
p
<Y Pyl | DD 1[a®y) 2 glx,y)] (107)
xeX" XeX"\x
H(X)=¢(x)
p
=Y Pyl | DD 1[gxy) = glx.y)] (108)
xeXxn XeX"\x
H(X)=¢(x)
p
@\’
<3 Py | Y (u) (109)
xeX" XeX"\x q(.y)
#(X)=¢(x)

where (107) follows from using the inequality 1 [U A,~:| <

P
> 1[A;]) for any set of events {A;} and p € [0,1] and
(169) holds for any s > 0.
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Now considering the ensemble of random standard block
source codes we upper bound the E [pe(y, C)] using (109) as
follows

E[pe(y.0)]
P
q(f,y))s
) g . ax.v) 110
<x;, Xy (xly) x;ﬂ\x (q(x’y) 110)
F(B)=9(x)
<> Pxi(xly)
xeXxn
M)SE Lx) = © 11
) x;\x (‘I(x’_}’) (1 [Px) (01 (111)
: (i)p > Py [ Y (qﬁ,y))s : o
) M xeX" XIY g xeXxn q(x,y)

where (111) follows from Jensen’s inequality and the con-
cavity of x* for p € [0,1] and (112) follows from
E[1[®(Xx) = O(x)]] < 1{‘—4 and including ¥ = x in the
summation.

Averaging over all side information sequences we obtain an
upper bound on the ensemble average error probability as

E[p.(C)] = Y Py("E [p.(y.C)] (113)
YEY"
kY a&»\'\
<(w) T, roen (X (5)) 0w
xeXn yeyn xeXxn

where (114) holds for any p € [0,1] and s > 0. Introducing
(114) in (105) and particularizing it to the case of memoryless
sources and metrics we obtain

k P
Pe(Cex) <2 (M)
YY)
< > Puy(xy) Z(q y) (115)
v q(x,y)
xeX,yey
= o M(R=6,)-E(p.9)-5)) (116)
Whereénzg—>0and6,’1=%—>0asn—>ooand
E»Y'Y
E(p.s)=log Y Pxy(x.y) (Z (q( ’y)) ) (117)
xeX yeY XeX g%y

Hence, we show the achievability of the exponent E, (R) by
optimizing over p, s as in (15).

VI. PROOF OF THEOREM 2

Lemma 2 showed the existence of a good code in the type-
by-type random coding ensemble which satisfies an upper
bound on the error probability for every source sequence. Here
we show that this code achieves the exponent of Theorem 2.
As for the proof in the previous section, we first show the
achievability of E'_ (R) and then that of Ef;r(R).

q.ex
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We start by bounding P,(x,C;) for a given source sequence
x € 7,(P;) and given type-by-type code C with subcode C; for
type P; as follows

P(x,C)=P| | 1a@®Y)2q(x, V) (118)
*eT,(P)\x
$i(X)=¢i(x)
=Y PixOL| | @@V 2qxY)}| (119
yeyr *eT,(P)\x
$i(X)=¢i(x)
<) PuxOl) Y 1[q® ) = q(x, )] (120)
YEY" €T (P)\x
$i(X)=¢i(x)
< ) 1[6i® = ¢ix)]
xeTu(P)\x
q&@ )\’
P 121
Xy Y|X0’|x)(q(x’y)) (121)

yey"

where we use union bound in (120) and (121) holds for any
s> 0.

Now considering the ensemble of random type-by-type

codes and denoting the induced random encoding function

by ®;(-), we upper bound the E [Pe(X, Ci)i]
follows

E [Pe(x, C,-)%]

using (121) as

<E[| D LI0® = i(x)]
xeTu(P)\x |
q(x, y))
P 122
xyezyn Yx(y|x>( ) (122)
< Y. E[L[®(F) = ®i(x)]]
T, (P)\x
> Prx(ol) (qu,y ;) (123)
yeyr x5y
ki|P.(X ’
AP S (e X(Y|x)( = y;) (124)
xeTu(P) \YeY"
where (123) follows from inequality (Z a[) < Zai% for

p > 1 and including ¥ = x in the summlation, (124)l follows
from E[1[0:(F) = D;(x)]] < P4 where k; = log, [7,(P))|
is an upper bound on the number of iterations in expurgation
method for the type-by-type coding.

Now substituting (124) in (86) from Lemma 2 we find an
upper bound on the error probability of every sequence x €
Ta(P;) in the codebook Cey; as

2ki| Po( X))
M

% (Zrmom(525)) )

€T, (P)) “YEV"

Pe(X, Cex,i) < (

(125)
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Notice that using (125) and summing over all source
sequences X € T.(P;) we can find an upper bound that depends
on the type P;. Therefore, resulting upper bound on the error
probability of the codebook C requires maximization over the
type. In order to find a simpler bound we can weaken the
bound in (125) by including all ¥ in the sum, however to
keep the bound tight we introduce ratio of an arbitrary cost
function as % where the cost function a(x) depends on the
sequence x only through its type. Observe that the ratio is
equal to 1 when both x and ¥ have the same type, also this
cost function can be optimized for to obtain the tightest bound.
Simplifying (125), summing over all source sequences and
upper-bounding k; by k = nlog, |X| we obtain

[Pu(2X)]

PelCed = D Y Px(x)pe(x,Cex) (126)
=l xeT,(P)
< (2k|7D (X)|) Z Py(x)
xeX"
1\ P
D (q@ )Y
<[ D0 D0 PrixOylx >eam (q(x’y)) (127)

xeXxn \ yey"

Equation (127) is valid for any discrete source and any
decoding metric. We now specialize this to the case of mem-
oryless sources, metrics, and cost functions using ¢g(x,y) =

n

[T, g(xi,y:) and a(x) = Y a(x;). Therefore we obtain

i=1

2k|P, (X
pe<cex)s( Pl )') (ZP(x)

xeX
1\ P\ "
q(x,y)
<33 Puxolo am( - y) (128)
xeX \yey Y
= o MP(R=6)-EX(p,5.a()) (129)
where 6, = l(’gmnw — 0 as n — oo and Ex(p, s,a(:))

is given in (24). Hence, we show the achievability of the
exponent E,(R) by optimizing over p, s,a(-) as

Elt (R)

q.ex

max pR — Ex(p, s,a(:)).
p=1,520,a()

(130)

To show that the same code of Lemma 2 achieves Ef;,r(R)
we use (86) of Lemma 2 with p = 1, and obtain that for every
source sequence x € 7;(1%)

Pe(x,Cex) < 2E[Pe(x,C))]. (131)

Averaging over all source sequences similar to the proof of
Theorem 1 we obtain

Pe(Cex) < 2E [pe(C)] >

which shows that the error probability of Cey is upper bounded
by twice the average error probability over type-by-type
ensemble.

Now we derive an upper bound on the type-by-type
ensemble average error probability following similar steps as
Section V.

(132)
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We start by bounding p.(y,C) for a given side information
sequence y and given type-by-type code C as follows

[Pu(X)]
PO = Y Y Pxylxly)
=l xeT.(P)
1| |J ta@y = qxp) (133)
xeT,(P)\x
$i(X)=¢i(x)
[P (X))
< > Pyyxly)
=l xeT,(P)
p
x| > 1[a®y) = qx )] (134)
*eT,(P)\x
¢,(J_C):¢,-(x)
[Pu(X)]
< Y > Pxy(xly)
=l xeT,(P)
p
13 (q(x,y)) (135)
= q(x,y)
xeT,(P)\x
$i(X)=¢i(x)

where (134) follows from using the inequality 1 [U A,-] <
o '
Y1 [A,-])
(13:5) holds for any s > 0.
Now considering the ensemble of random type-by-type

block source codes we upper bound the E[p.(y,C)| using
(135) as follows

[Pu(2X)]

> Puyxly)

=l xeT,(P)

for any set of events {A;} and p € [0, 1] and

E [pe()’7 C)] <

P

) (q(fc,y))s

x7
T, (P)\x q( y)
$i(%)=¢i(x)

x E

(136)

[Pu(2)]

< Z Z Pxy(x|y)

=1 xeTy(P)
P

qx, )\’ _
X (552) e - o
FeTi(P)\x q(%.3)

kP T
s(m) SY Purtaly)

M , A
=1 xeTy(P)

(137)

P

(=

=y (138)
x9
€T, (P) 4.y

< (kIPn(X)I)p
M

a® (% s\”
x Y Pyy(xly) (Z ;(x) (q(x,y)) ) ’

xexn xexn q(x.y)

(139)
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where (137) follows from Jensen’s inequality and the con-
cavity of x* for p € [0,1] and (138) follows from
E[1[D(%) = D(x)]] < % and (139) follows from weakening
the bound by upper bounding k; with k& = nlog,|X| and
including all ¥ in the sum, however to keep the bound tight
we introduce ratio of an arbitrary cost function as izti where

the cost function depends on the sequence x only through its
type.

Averaging over all side information sequences we obtain
an upper bound on the type-by-type ensemble average error
probability as

E[p.(O)] =

Y Py(E [pe(y,C)] (140)

yeyr

< (kIPn(X)I)p
M

ea(i) C](.i', y) s\ P
x Xxj Pxy(x,) (XXZ e ( 4. y)) ., (4D
yey"

where (141) holds for any p € [0,1] and s > 0. Introducing
(141) in (132) and particularizing it to the case of memoryless
sources, metrics and cost functions we obtain

kIPn(X)I)p

Pe(Cex) <2 ( i

n

T ENNY
2 (DS (E2))) e
xXeX yeY € q\xy
- e—n(p(R Op)— E;‘(p,s,a)—é’n) (143)

log K[P,(X log2
where 6, = 2420l and ¢, = %2 — 0 as n — oo and

Ep, s,a(+)) is given in (23). Hence, we show the achievability
of the exponent Ey .(R) by optimizing over p, 5, a(-) as in (21).

VII. PROOF OF PROPOSITION 1: PRIMAL-DUAL
EQUIVALENCE

We start by showing the equivalence of (10) to (21).
We rewrite (10) as

min {D(QIIPx) + Eg; (H(Q) = R, 0, Pyx) }, (144)

ES(H(Q) - R, O, Pyyx)

EXNR) =

=, min AD(PygllPyxlPy)
HUTD +R-HOIT],  (145)
where we use Py = Q and the identity
D(PgyllPxy) = D(P¢llPx) + D(PyllPyx|Pg). (146)
to split the minimization in (10).
Defining
S(Q) = {Pgy € P(X x ) : Py = O, (147)
T(Pgy, Q) = {Pgy € P(X x V) : Py = Q, Py = Py,
Ep [log¢(X,¥)] > Ep [log ¢(X, V)] (148)
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we can rewrite (145) as

ECC(H(Q) R,Q,Pyx) = min min

P5y€S(Q) PyyeT (Pyy,0)

T3 + R - HOI .

{D(PysllPrslPs)
(149)

The dual form of the constant composition random coding
error exponent in (149) is derived in [20], using which we
rewrite it as

E(H(Q) - R, Q, Pyx)
= max Ey E(Q.p) — p(H(Q) — (150)
where
EF(Q.p)= sup — Y Q(x)log y_ Pyx(ylx)
520,6() xeX yey
e = s\ *
q(x,y)
(Z o () ) D
Defining ¢*¥ = Q(x)e?™, we can rewrite (170) as
EF(Q,p)
= sup - Y Q()log Y Pyx(lx)
520,a() xeX yey
%® q(%,y) s\ ”
(Z o )6““) (q(x, y)) (152

PH(Q)+ sup —Y_ Q(x)log Y Pyx(ylx)

s=0,a(-) Yex yey

a(x) P
x (Z = () ) sy
o e \alxy)

Introducing (153) in (150) and later in (144), noting that the
objective in (144) is convex in Q and using Fan’s minimax

theorem interchanging the minimum and supremum we obtain

E(R) = sup {pR + sup min L}, (154)
’ p=1 s>0,a(-) Q
where
L=3 0(log o)
xeX ( )
Y (q(x,y)
- Z;( Q(x) log Z Pyix(ylx) (Z a0 ( q(x, y)) . (155)
X€E yey xXeX

Setting g—L = 0 we find the minimizing distribution as the
following mismatched tilted distribution

Q(x) = CPx(x) Y Pyx(ylx)

< ® g
@ (g, y))S)
X E ( , (156)
a(x)
(;ex ¢ q(x.y)
where C is the normalization constant given by

C' =Y Px(0 ) PrxOv)

xeX yey

D g\
: (ZX e (q(m)) '

(157)
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From (156) we have

u(x) g
0w _ ZPHX()’P‘) (Z a(x) (qu y;) ) ’
yey ‘ e

CPX (.X) xeX

replacing it in (155) we obtain

mm L=—-log Z Px(x) Z Pyix(ylx)

xeX yey
a(®) = s\ *
X (Z ea(x) (q(x,y)) ) . (158)
vex ¢ q(x.)
Plugging (158) into (154) we obtain the dual
form of the type-by-type random coding exponent
in (21).
To show the equivalence of (11) to (22). We rewrite (11)
as
ESf(R) = min {D(QIIPx) + E, (H(Q) - R, Q. Pyx)} »
(159)
where
Egcex(H(Q) - R9 Q5 PY|X) =
min {D(PyllPyxIPg)+1(XY; X)+R-H(Q)}  (160)
Pixy€T(Q)
H(X|X)=R
and
T(Q)=Pgzgy € P(X x X x )): Py =Pz =0,
E[logg(X,¥)] > E[log¢(X. ¥)] (161)

where we use Py = Q and the identity (146) to split the
minimization in (11).

Defining
S(Q) = {Pgg € P(X x X): Py = Py = 0}, (162)
T(Pyp) = {Pexs € PAX x X x V) Pyg = Py,
B[logq(X. 1)) 2 E[logg(X. D] |, (163)
we can rewrite (160) as
EJ(H(Q) - R, O, Pyx)
) PY]’;I;?}Q) Pgm'/lll;’?f’xx) {D(Pf(iyllpﬁ( 8 PY|X)
HXIX)>R
YR- H(X|X)}, (164)
where we use [8]]as
D(PyllPyx|Pg) + 1(XY; X)
= D(Pg37llPgg X Pyx) + I(X; X). (165)

For a given Pgy € S(Q), R — H(X|X) is constant, therefore
we consider the optimization problem
D(PgzyllPgg % Pyix)-

min (166)

PyxyeT (Pgy)
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The dual of this optimization problem has been found

in [15, Appendix B]. Using very similar arguments
we find the following equivalent forms of (164)
as
E;CeX(H(Q) - Rs Q7 PY|X)
=sup  min ]Ep [d,X,X)] +R-HXIX), (167)
s>0 Pxx:Px=0.Px=Q
H(X|IX)=R
= sup E3(Q,p) — p(H(Q) - R), (168)
p=1
where
X,
dy(x, ) = —IOgZPHX(YPC) ("( > )) (169)
(x,y)
and
EQ.p) = sup Y 0@log ) 0
b() xeX xeX
1
O gz
< | Do PO ("(x . )) (170)
yey 75y
Using (168) in (159) we obtain
ESX(R) = min | D(QIIPy)
+5up[EFQ.p) = pHQ =R}, (7))
p=
Defining ¢*¥ = Q(x)’e”™, we can rewrite (170) as
ES(Q.p)
= sup —p) QWlog )  O(x)
520,a() xeX XeX
a(x) X, s ,
< | Do PO (qu . i) (172)
ey qx,y
=pH(Q)+ sup —p Y O()
520,a() xeX
1
<log Y [ 3 Prsoin e (48D (173)
e“® \ q(x,y)
xeX \ yey

Introducing (173) in (171), noting that the objective
in (171) is convex in @ and using Fan’s minimax
theorem interchanging the minimum and supremum we
obtain

E(R) = sup {pR + sup minL}, (174)
p=1 s20,a(-)
where
L= ZQ()log —pZQ()
xeX
1
<aoe Y [ Prown (222)) L qrs)
g et yix(YIX e \ 4(xy)
X yey
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Setting 95 = 0 we find the minimizing distribution as the
following mismatched tilted distribution

Q(x) = CPx(x)

1\ P
" (q(x )\’
P — 176
x Z > PO (q(x,y)) (176)
XeX \ yeY
where C is the normalization constant given by
Cc'=) Px(x)
xeX
1\ P
" (qx )\’
P — 177
x ZX 2 PO (q(m)) (177)
X yey
From (176) we have
1\ P
0(x) e’ (q(i,y))x
= = Pyx(lx :
T Z; )2; O (255
replacing it in (175) we obtain
mén L =—-log Z Px(x)
xeX
1\ P
<Y (>op (ylx)i@ qx% )\’ (178)

xeX \yey

Plugging (178) into (174) we obtain the dual form of the type-
by-type expurgated exponent in (22).

REFERENCES

[1] D. Slepian and J. Wolf, “Noiseless coding of correlated information
sources,” IEEE Trans. Inf. Theory, vol. IT-19, no. 4, pp. 471-480, Jul.
1973.

[2] R. G. Gallager, “Source coding with side information and universal
coding,” MIT, Cambridge, MA, USA, Tech. Rep. LIDS-P-937, 1979.

[3] S. Arimoto, “Information measures and capacity of order « for discrete
memoryless channels,” in Proc. 2nd Colloq. Topics Inf. Theory, vol. 16,
1977, pp. 41-52.

[4] R. Gallager, “A simple derivation of the coding theorem and some
applications,” IEEE Trans. Inf. Theory, vol. IT-11, no. 1, pp. 3-18, Jan.
1965.

[5] R. Gallager, Information Theory and Reliable Communication. New
York, NY, USA: Wiley, 1968.

[6] 1. Csiszar and J. Korner, “Towards a general theory of source networks,”
IEEE Trans. Inf. Theory, vol. IT-26, no. 2, pp. 155-165, Mar. 1980.

[7] C. E. Shannon, R. G. Gallager, and E. R. Berlekamp, “Lower bounds
to error probability for coding on discrete memoryless channels. 1,” Inf.
Control, vol. 10, no. 1, pp. 65-103, Jan. 1967.

[8] 1. Csiszar and J. Korner, “Graph decomposition: A new key to coding
theorems,” IEEE Trans. Inf. Theory, vol. IT-27, no. 1, pp. 5-12, Jan.
1981.

[9] 1. Csiszar and J. Korner, Information Theory: Coding Theorems for

Discrete Memoryless Systems. Cambridge, U.K.: Cambridge Univ. Press,

2011.

R. Ahlswede and G. Dueck, “Good codes can be produced by a few

permutations,” IEEE Trans. Inf. Theory, vol. IT-28, no. 3, pp. 430443,

May 1982.

[11] J. Scarlett, A. Guillén i Fabregas, A. Somekh-Baruch, and A. Martinez,
“Information-theoretic foundations of mismatched decoding,” Found.
Trends Commun. Inf. Theory, vol. 17, nos. 2-3, pp. 149401, Aug.
2020.

[10]

2703

[12] N. Weinberger and N. Merhav, “Optimum tradeoffs between the error
exponent and the excess-rate exponent of variable-rate slepian—wolf
coding,” IEEE Trans. Inf. Theory, vol. 61, no. 4, pp. 2165-2190, Apr.
2015.

[13] J. Chen, D.-K. He, A. Jagmohan, and L. Lastras-Montafio, “On the reli-

ability function of variable-rate Slepian—Wolf coding,” Entropy, vol. 19,

no. 8, p. 389, Jul. 2017. [Online]. Available: https://www.mdpi.com/

1099-4300/19/8/389

R. Tamir (Averbuch) and N. Merhav, “Trade-offs between error

exponents and excess-rate exponents of typical Slepian—Wolf codes,”

Entropy, vol. 23, no. 3, p. 265, Feb. 2021. [Online]. Available: https://

www.mdpi.com/1099-4300/23/3/265

[15] J. Scarlett, L. Peng, N. Merhav, A. Martinez, and A. Guillén i Fabregas,
“Expurgated random-coding ensembles: Exponents, refinements, and
connections,” IEEE Trans. Inf. Theory, vol. 60, no. 8, pp. 4449-4462,
Aug. 2014.

[16] F. Jelinek, Probabilistic Information Theory. New York, NY, USA:

McGraw-Hill, 1968.

G. Kaplan and S. Shamai (Shitz), “Information rates and error exponents

of compound channels with application to antipodal signaling in a fading

environment,” AEU, vol. 47, no. 4, pp. 228-239, 1993.

[18] J. Y. N. Hui, “Fundamental issues of multiple accessing,” Ph.D. disser-
tation, Massachusetts Institute of Technology, Cambridge, MA, USA,
1983.

[19] J. Chen, D.-K. He, and A. Jagmohan, “On the duality between
Slepian—Wolf coding and channel coding under mismatched decoding,”
IEEE Trans. Inf. Theory, vol. 55, no. 9, pp. 40064018, Sep. 2009.

[20] J. Scarlett, A. Martinez, and A. G. 1. Fabregas, “Mismatched decoding:
Error exponents, second-order rates and saddlepoint approximations,”
IEEE Trans. Inf. Theory, vol. 60, no. 5, pp. 2647-2666, May 2014.

[14]

[17]

Mehdi Dabirnia (Member, IEEE) received the B.Sc. and M.Sc. degrees in
electrical engineering from the University of Tehran in 2007 and 2010, respec-
tively, and the Ph.D. degree in electrical and electronics engineering from
Bilkent University in 2017. From 2018 to 2023, he held a research position
with Universitat Pompeu Fabra (UPF). He is currently a Researcher with the
Centre Tecnologic de Telecomunicacions de Catalunya (CTTC). His research
interests include information theory, coding theory, and communications.

Hamdi Joudeh (Member, IEEE) received the M.Sc. and Ph.D. degrees in
electrical engineering from Imperial College London in 2011 and 2016,
respectively.

From 2016 to 2020, he held research positions with Imperial College
London and Technische Universitit Berlin. He is currently an Associate Pro-
fessor with the Department of Electrical Engineering, Eindhoven University
of Technology. His research interests include information theory, communi-
cations, and signal processing. He received the Starting Grant from European
Research Council (ERC) and the Vidi Grant from the Dutch Research Council
(NWO). He served as an Associate Editor for IEEE TRANSACTIONS ON
SIGNAL PROCESSING and IEEE COMMUNICATIONS LETTERS. He serves as
an Associate Editor for IEEE TRANSACTIONS ON INFORMATION THEORY.

Albert Guillén i Fabregas (Fellow, IEEE) received the degree in telecom-
munications engineering from the Universitat Politecnica de Catalunya, the
degree in electronics engineering from the Politecnico di Torino in 1999, and
the Ph.D. degree in communication systems from the Ecole Polytechnique
Fédérale de Lausanne (EPFL) in 2004.

He has held appointments with New Jersey Institute of Technology, Tele-
com Italia, European Space Agency (ESA), ICREA, the Institut Eurécom, the
University of South Australia, and Universitat Pompeu Fabra; as well as vis-
iting appointments with EPFL, the Ecole Nationale des Télécommunications
(Paris), the University of South Australia, the Centrum Wiskunde & Infor-
matica, and Texas A&M University at Qatar. He is currently a Professor
with the University of Cambridge, a fellow of the Emmanuel College, and
a Distinguished Researcher (part-time) with the Universitat Politécnica de
Catalunya. His research interests include the areas of information theory,
communication theory, coding theory, and statistical inference.

Dr. Guillén i Fabregas is a fellow of the Institute for Mathematics and
its Applications (IMA) and a member of the Young Academy of Europe.
He received the Starting, Consolidator, Advanced, and Proof of Concept
Grants from European Research Council, the Young Authors Award of the
2004 European Signal Processing Conference, the 2004 Best Doctoral Thesis
Award from Spanish Institution of Telecommunications Engineers, and the
Research Fellowship from Spanish Government to join ESA. Since 2013,
he has been an Editor of Foundations and Trends in Communications and
Information Theory (Emerald Publishing). He was an Associate Editor of
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS from 2007 to 2011
and IEEE TRANSACTIONS ON INFORMATION THEORY from 2013 to 2020.

Authorized licensed use limited to: CAMBRIDGE UNIV. Downloaded on April 23,2026 at 08:06:09 UTC from IEEE Xplore. Restrictions apply.


https://www.mdpi.com/1099-4300/19/8/389
https://www.mdpi.com/1099-4300/19/8/389
https://www.mdpi.com/1099-4300/23/3/265
https://www.mdpi.com/1099-4300/23/3/265

