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Abstract—We introduce an expurgation method for source
coding with side information that enables direct dual-domain
derivations of expurgated error exponents. Dual-domain methods
yield optimization problems over few parameters, with any sub-
optimal choice resulting in an achievable exponent, as opposed to
primal-domain optimization over distributions. In addition, dual-
domain methods naturally allow for general alphabets and/or
memory. We derive two such expurgated error exponents for
different random-coding ensembles in the case where the decoder
is possibly mismatched with respect to the source and side infor-
mation joint distribution. We show the better of the exponents
coincides with the Csiszár-Körner exponent obtained via a graph
decomposition lemma. We show some numerical examples that
illustrate the differences between the two exponents and show
that in the case of source coding without side information, the
expurgated exponent coincides with the error exponent of the
source optimal code.

Index Terms—Source coding with side information, mis-
matched decoding, error exponents, expurgated error exponent,
random code ensembles.

I. INTRODUCTION

CONSIDER a pair of discrete memoryless correlated
sources with finite alphabets X and Y , and joint distribu-

tion PXY . The pair of i.i.d. sequences of length n generated at
random by the two sources are denoted by X = X1, X2, . . . , Xn

and Y = Y1,Y2, . . . ,Yn, while realizations are denoted with a
lowercase font as x = x1, x2, . . . , xn and y = y1, y2, . . . , yn. An
encoder observes X and maps it into a codeword (or bin) m,
chosen from a set of M codewords. A standard block source
code C(n,R) is defined as a mapping φ : X n →M of source
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sequences x ∈ X n to a set of codewords M = {1, . . . ,M}
where R =

log M
n is the code rate. At the receiver end, the

decoder observes the codeword m and, along with the side
information y, provides an estimate of the original source
sequence. More formally, the decoder ψ : M × Yn → X n

maps each codeword and side information sequence back into
a source sequence x̂. The decoder makes an error whenever
ψ(φ(x), y) , x and the probability of error is given by

pe = P[ψ(φ(X),Y) , X]. (1)

This setting is known as block source coding with decoder side
information, or Slepian-Wolf coding [1], [2]. In this paper, we
are interested in the exponential decay rate of the decoding
error probability with block-length n, known as the error
exponent or reliability function.

In [2], Gallager derived an achievable error exponent for
the above setting using random coding, or random bin-
ning, and maximum a posteriori probability (MAP) decoding.
In Gallager’s random coding ensemble, source sequences are
mapped to codewords (or bins) uniformly at random in a
pairwise independent manner. The corresponding achievable
exponent is

Er(R) = max
ρ∈[0,1]

ρR − E0(ρ) (2)

where the function E0(ρ) is defined as

E0(ρ) , log
X
y∈Y

PY (y)

 X
x∈X

PX|Y (x|y)
1

1+ρ

!1+ρ

. (3)

The function E0(ρ) is known to be related to Arimoto’s
conditional Rényi entropy as E0(ρ) = ρH 1

1+ρ
(X|Y) [3].

We refer to Er(R) as the random-coding error exponent, due
to close resemblance in proof and form to the random-coding
error exponent in channel coding [4], [5]. The form in (2)
is known as a dual domain expression. An equivalent primal
domain1 expression for Er(R) is given as

Er(R) = min
PX̃Ỹ

D(PX̃Ỹ‖PXY ) +
ˇ̌
R − H(X̃|Ỹ)

ˇ̌+ (4)

where the minimization is over all joint distributions PX̃Ỹ on
X × Y . A direct achievability proof that yields the primal
domain expression in (4) is given by Csiszár and Körner in
[6], where type analysis and universal minimum entropy (ME)
decoding are employed.

1Dual domain expressions can be derived from their primal domain coun-
terparts using Lagrange duality techniques.
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While Er(R) provides a lower bound on the reliability
function, Gallager [2] also derived a corresponding upper
bound, which takes the following form

Esp(R) = sup
ρ≥0

ρR − E0(ρ). (5)

We will refer to this as the sphere-packing exponent, as it
closely resembles the sphere-packing exponent in channel
coding [7]. The sphere-packing exponent Esp(R) is derived
by providing the side information sequence Y to the encoder,
and is in fact equal to the error exponent of conditional
source coding, where side information is available to both
encoder and decoder. The sphere packing exponent admits an
equivalent primal domain expression [6] given as

Esp(R) = min
PX̃Ỹ :H(X̃|Ỹ)≥R

D(PX̃Ỹ‖PXY ). (6)

Both Er(R) and Esp(R) are non-negative for rates in the range
H(X|Y) < R < log |S(X)|, where S(X) ⊆ X is the support
of PX; and are equal to zero for 0 ≤ R ≤ H(X|Y). Moreover,
Er(R) and Esp(R) coincide in the range H(X|Y) < R ≤ Rcr,
where Rcr is the largest rate at which the convex curve
Esp(R) meets its supporting line of slope 1. Note that Rcr is
reminiscent of the critical rate in channel coding.

A. Expurgated Exponent

For a range of rates above the critical rate Rcr, a tighter
achievable error exponent was derived by Csiszár and Körner
in [8], and is given by

Eex(R) = min
PX̃

�
D(PX̃‖PX)

+ min
PX̂X̃ :PX̂=PX̃ ,

H(X̂|X̃)≥R

n
E
�
d(X̂, X̃)

�
+ R − H(X̂|X̃)

o�
(7)

where d(x̂, x̃) is the Bhattacharyya distance between PY |X(·|x̂)
and PY |X(·|x̃), defined as

d(x̂, x̃) , − log
X
y∈Y

p
PY |X(y|x̂)PY |X(y|x̃). (8)

The exponent Eex(R) is often referred to as the expurgated
exponent, since it can be seen as a source coding counterpart
to the expurgated exponent in channel coding when expressed
in the primal domain [8], [9, Problem 10.18]. Relating the
Slepian-Wolf source coding problem to a counterpart channel
coding problem with input X and output Y is in fact the first
step in the proof of Csiszár and Körner [8], as well as a later
proof by Ahlswede and Dueck [10].

In deriving the expurgated exponent Eex(R), Csiszár and
Körner [8] employ a type-by-type block coding scheme,
in which source sequences assigned to the same codeword
(or bin) all have the same type. Since source sequences of the
same type have the same probability, optimal MAP decoding
reduces to maximum likelihood (ML) decoding in this case,
which was used to derive (7). In the code construction, instead
of relying on random coding, a graph-theoretic decomposi-
tion lemma is used to show that every type class can be
partitioned into so-called “balanced” sets with a favorable
packing property, and these balanced sets are taken as bins.

The same exponent was later derived by Ahlswede and Dueck
in [10] by exploiting the connection to the counterpart channel
coding problem and using permutation codes. In particular,
their approach relies on covering each source type class using
permutations of a good constant-composition channel code of
the same type, that achieves the channel coding expurgated
exponent.

Both the Csiszár-Körner and Ahlswede-Dueck proofs of
the expurgated exponent rely heavily on type analysis and
combinatorial arguments, and do not use random coding or
expurgation, at least not in a direct manner. Moreover, their
derivations yield the primal expression in (7), and currently
it is not known whether this expression admits an equivalent
dual form.

The main objective for our present work is to find a
dual-domain derivation for the expurgated exponent in source
coding with side information, mirroring Gallager’s original
proof of the expurgated exponent in channel coding [4].
Gallager’s expurgation approach does not directly apply here
as in the source coding setting, one cannot simply remove a
“bad” fraction of source sequences. A dual-domain derivation
is also expected to yield non-asymptotic bounds that are valid
for settings with arbitrary memory, countable source alphabets,
and general side information alphabet. Furthermore, compared
to the primal expression in (7), a dual domain expression will
likely have far fewer parameters and will hence be easier to
compute and evaluate.

B. Mismatched Decoding

Another motivation for our current work is to evaluate
error exponents for source coding with side information
under generic, and possibly mismatched, decoding metrics.
Mismatched decoding, thoroughly studied in the context of
channel coding, is the setting for which the decoder employs a
fixed decoding metric, not necessarily related to the probability
law describing the system (see [11] and references therein).
Mismatched decoding naturally arises in cases where the
decoder cannot accurately estimate the system’s parameters,
or in cases where, for complexity reasons, the one prefers
an alternative decoding metric. To this end, in the considered
setting we adopt a maximum metric decoder of the form

ψ(m, y) = arg max
x∈X n:φ(x)=m

q(x, y), (9)

where q is an arbitrary non-negative decoding metric. Upon
observing m and y, the decoder chooses the source sequence x
whose metric is highest out of those encoded to m. The decod-
ing metric is said to be memoryless if q(x, y) =

Qn
i=1 q(xi, yi).

In this case, and under memoryless source and side informa-
tion, the optimal MAP decoder is recovered by choosing the
metric as q(x, y) = PX|Y (x|y). Otherwise, the decoder is said
to be mismatched. As we shall see further on, the majority of
our derivations are valid for an arbitrary metric q(x, y). With
that said, in our single-letter asymptotic results, we choose to
focus on the memoryless case.

Under an arbitrary memoryless decoding metric q, primal-
domain random coding and expurgated exponents that gener-
alize (4) and (7) can be distilled from the results of Csiszár
and Körner [8], obtained using their graph decomposition
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approach. These results are derived for a generic class of
decoders called α-decoders, which includes the memoryless
mismatched decoder as a special case. The corresponding
random coding and expurgated exponents are given by

Eck
q,r(R) = min

PX̂X̃Ỹ∈T
D(PX̃Ỹ‖PXY ) + |R − H(X̂|Ỹ)|+, (10)

and

Eck
q,ex(R) = min

PX̂X̃Ỹ∈T
H(X̂|X̃)≥R

D(PX̃Ỹ‖PXY ) + R − H(X̂|X̃, Ỹ) (11)

respectively, where the set of distributions T is defined as

T =
n

PX̂X̃Ỹ ∈ P(X × X × Y) : PX̂ = PX̃ ,

E
�

log q(X̂, Ỹ)
�
≥ E

�
log q(X̃, Ỹ)

�o
. (12)

These exponents reduce to their matched counterparts in (4)
and (7) when the decoding metric q(x, y) = PY |X(y|x) is chosen
to be the ML decoder, which is optimal in this case due to the
type-by-type coding scheme used in [8].

From (10) and (11), we obtain the Csiszár-Körner’s achiev-
able exponent given by

Eck
q (R) = max

˚
Eck

q,r(R), Eck
q,ex(R)

	
. (13)

Dual-domain derivations and expressions for (10) and (11),
and hence (13), are currently not known. This is a gap in the
literature that we aim to address in the present paper.

There is a body of work on variable-rate codes for source
coding with side information, see e.g. [12], [13], [14].
In the variable-rate setting, the sequences of the types that are
bounded away from source distribution PX (assuming that the
distribution PX is known exactly) are losslessly encoded. This
relaxation of the rate constraint does not affect the average
rate asymptotically and improves the error exponent when
the dominant error of the fixed-rate codes are caused by
one of those types. The works [12], [14] analyze the trade-
off between the error-exponent and excess-rate exponent for
the variable-rate setting. While the idea of using variable-rate
codes for the source coding with side-information problem is
well-investigated for the matched case, it does not immediately
extend to the mismatched case. In this paper we focus on the
setting of fixed-length (fixed-rate) codes and do not consider
variable-rate codes.

C. Contribution

The main contributions of the paper are as follows:
• In Section II, we present our main theorems on dual-

domain achievable exponents with mismatched decoding
for two random coding ensembles, namely standard
ensemble and type-by-type ensemble. These theorems
show the existence of a code that attains the maximum
of two exponents, namely random coding and expurgated
exponents. The dual domain exponents for type-by-type
ensemble and expurgated exponent for standard ensemble
appear for the first time in the literature. We further
show the equivalence of the dual domain exponents
to the Csiszár-Körner’s achievable exponent in (13).
We also present relative comparisons of these achievable

exponents and state the family of metrics that attain the
corresponding optimal exponent. The achievable rates for
these ensembles together with their relation to the gener-
alized mutual information and LM rates of mismatched
decoding in channel coding are also presented.

• In Section III, we introduce an expurgation method for
source coding that is valid for general source and side
information models and arbitrary decoding metrics. The
expurgation method works for either of the two code
ensembles and can be summarized as follows. We first use
Gallager’s expurgation technique, developed for channel
coding [4], to show that there exists a code in the
ensemble such that at least half of the source sequences
satisfy a desired error bound. We expurgate the “bad”
half of source sequences, encode them separately into a
new set of codewords, and apply expurgation again. The
error bound derived in the previous iteration remains valid
here, since we now have fewer source sequences. The
procedure stops after (at most) k = n log2 |X | iterations,
once all source sequences are exhausted. Combining the
expurgated codes from all iterations, we obtain a code in
which all the source sequences satisfy the desired error
bound.

• Based on our expurgation method, in Sections V
and VI, we derive non-asymptotic bounds that are valid
for any discrete source model with arbitrary side infor-
mation alphabet and arbitrary decoding metric.

D. Notation

We use bold symbols for vectors (e.g. x), and denote the
corresponding i-th entry using a subscript (e.g. xi). The set of
all probability distributions on an alphabet X , is denoted by
P(X ), and the set of all empirical distributions on a vector in
X n is denoted by Pn(X ). For a given type P̂ ∈ Pn(X ), the type
class Tn(P̂) is defined to be the set of all sequences in X n with
type P̂. The probability of an event is denoted by P[·]. The
marginals of a joint distribution PXY (x, y) are denoted by PX(x)
and PY (y). We write PX = QX to denote element-wise equality
between two probability distributions on the same alphabet.
Expectation with respect to a joint distribution PXY (x, y) is
denoted by EP[·], or simply E[·] when the associated prob-
ability distribution is understood from the context. Given a
distribution QX and conditional distribution WY |X , we write
QX × WY |X to denote the resulting joint distribution and the
corresponding mutual information is written as I(QX ,WY |X), or
simply I(X; Y) when the distribution is understood from the
context. We use standard notation for the entropy H(X) (also
sometimes shown as H(Q) to emphasize the distribution of the
random variable), conditional entropy H(X|Y) and divergence
D(P‖Q). All logarithms have base e and all rates are in units of
nats including in the example. We denote the indicator function
of an event by 1[·].

II. MAIN RESULTS

In this section, we introduce our main results, which are
dual domain expressions of expurgated error exponents. These
expressions are obtained directly in the dual domain by
means of an expurgation method detailed in Section III for
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two different code ensembles. These code ensembles differ
on whether the set of source sequences and codewords are
partitioned or not. The relative merits of these ensembles are
illustrated by means of a numerical example. Proofs of the
results are given in Sections V, VI and VII, respectively.

A. Standard Block Random Coding

Definition 1: The Standard Random Coding Ensemble is the
set of all (n,R) standard block codes for source alphabet X
with a probability measure over the codes having the following
property: each source sequence is assigned independently and
with equal probability 1

M into one of the M = enR codewords.
For the standard random coding ensemble we have

the following result concerning achievable error exponents
for memoryless sources employing a memoryless decoding
metric.

Theorem 1: For every R > 0 and every distribution
PXY ∈ P(X × Y) there exists a standard block source code
with maximum metric decoder (9) employing decoding metric
q(x, y) that achieves the exponent

Eq(R) = max{Eq,r(R), Eq,ex(R)} (14)

where

Eq,r(R) = sup
ρ∈[0,1],s≥0

ρR − Es(ρ, s) (15)

Eq,ex(R) = sup
ρ≥1,s≥0

ρR − Ex(ρ, s) (16)

with

Es(ρ, s) = log
X

x∈X ,y∈Y

PXY (x, y)

 X
x̄∈X

�
q(x̄, y)
q(x, y)

�s
!ρ

(17)

Ex(ρ, s)

= log
X
x∈X

0B@X
x̄∈X

0@X
y∈Y

PXY (x, y)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

(18)

and the optimization is over real parameters ρ and s.
Proof: The proof is structured in two parts. The first part

consists of showing that there exists a code for which the error
probability for every source sequence x ∈ X n meets a certain
upper bound (stated in Lemma 1). This bound is derived
in Section III-A by introducing a method for expurgation in
source coding with standard ensemble. The second part of the
proof is the analysis of the bound in Lemma 1, which results
in the exponent (14). This can be found in Section V. �

In deriving the error exponent of Theorem 1 we derive
n-letter bounds in (96) and (114) that are valid for any discrete
source with arbitrary side information alphabets and arbitrary
decoding metrics without the memoryless assumption. These
bounds can be used to derive error exponents for general
source models.

B. Type-by-Type Random Coding

We now introduce a different block random coding ensem-
ble that encodes each source type separately. As will be shown
next, this attains potentially a higher error exponent than the

standard block code ensemble under the same decoding metric.
Consider partitioning the codeword set M = {1, · · · ,M} into

|Pn(X )| subsets as:M =
|Pn(X )|S

i=1
Mi whereMi is the codeword

set for source type P̂i, i ∈ {1, · · · , |Pn(X )|}, |Mi| =
M

|Pn(X )| and
Mi ∩M j = ∅ for i , j.

A type-by-type block source code C = {C1, · · · , C|Pn(X )|} is
the union of |Pn(X )| codes where each Ci is an (n,Ri) block
code for source type P̂i with mapping function φi : Tn(P̂i) →
Mi and rate Ri =

log M
n − δn for i ∈ {1, · · · , |Pn(X )|}, where

δn =
log |Pn(X )|

n . In other words, code Ci is a code for the source
sequences in source type class Tn(P̂i) with codeword set Mi.
Observe that by construction, every code Ci has the same rate,
and that an error can only occur between source sequences of
the same type. We also note that the effect of partitioning the
codeword set on the coding rate vanishes asymptotically since
δn → 0 as n→ ∞.

Definition 2: The Type-by-Type Random Coding Ensemble
is the set of all (n,R) block codes for the source alphabet X
with a probability measure over the codes having the following
property: For every source type P̂i, i ∈ {1, · · · , |Pn(X )|}, each
source sequence x ∈ Tn(P̂i) is independently assigned with
equal probability 1

|Mi |
to each of the codewords in Mi.

The decoder for a type-by-type code C is a set of mappings
ψi :Mi×Yn → Tn(P̂i) for every i ∈ {1, · · · , |Pn(X )|}. Similarly
to the standard ensemble, we consider using a maximum
metric decoder as follows. For every m ∈Mi

ψi(m, y) = arg max
x∈Tn(P̂i):φi(x)=m

q(x, y), (19)

where q(x, y) is an arbitrary non-negative decoding metric.
For the type-by-type random coding ensemble we have the
following result concerning the achievable error exponents
for memoryless sources employing a memoryless decoding
metric.

Theorem 2 (Type-by-Type Random Coding): For every
R > 0 and every distribution PXY ∈ P(X × Y) there
exists a type-by-type block source code with maximum metric
decoder (19) employing decoding metric q(x, y) that achieves
the exponent

Ett
q (R) = max{Ett

q,r(R), Ett
q,ex(R)} (20)

where

Ett
q,r(R) = sup

ρ∈[0,1],s≥0,a(·)
ρR − Es(ρ, s, a(·)) (21)

Ett
q,ex(R) = sup

ρ≥1,s≥0,a(·)
ρR − Ex(ρ, s, a(·)) (22)

with

Es(ρ, s, a(·))

= log
X

x∈X ,y∈Y

PXY (x, y)

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

(23)

Ex(ρ, s, a(·))

= log
X
x∈X

0B@X
x̄∈X

0@X
y∈Y

PXY (x, y)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

(24)
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and the optimization is over real parameters ρ, s and real-
valued functions a : X → R.

Proof: The proof is structured in two parts. The first part
consists of showing that there exists a code for which the error
probability for every source sequence x ∈ X n meets a certain
upper bound (stated in Lemma 2). This bound is derived in
Section III-B by extending the introduced expurgation method
to type-by-type ensemble. The second part of the proof is
the analysis of the bound in Lemma 2, which results in the
exponent (20). This can be found in Section VI. �

In deriving the error exponent of Theorem 2 we derive
n-letter bounds in (127) and (141) that are valid for any
discrete source with arbitrary side information alphabets and
arbitrary decoding metrics without the memoryless assump-
tion. These bounds can be used to derive error exponents for
general source models.

The following result shows that the error exponent intro-
duced in Theorem 2 coincides with Csiszár and Körner’s [8]
for the case of using memoryless metric.

Proposition 1 (Primal-dual equivalence): The dual-domain
error exponent derived in Theorem 2 coincides with the
Csiszár-Körner exponent (13) derived in the primal domain
via graph decomposition, i.e.,

Ett
q (R) = Eck

q (R). (25)

Proof: The proof has two parts. In the first part the equiva-
lence of Eck

q,r(R) in (10) to Ett
q,r(R) in (21) is shown. In the

second part the equivalence of Eck
q,ex(R) in (11) to Ett

q,ex(R)
in (22) is shown. The proof can be found in Section VII. �

In proving the equivalence of the primal and dual forms
of the type-by-type exponent we show the following relations
between type-by-type exponents and the exponent of constant
composition codes for a corresponding channel as follows,

Ett
q,r(R) = D(Q‖PX) + Ecc

q,r

�
H(Q) − R,Q, PY |X

�
, (26)

Ett
q,ex(R) = D(Q̃‖PX) + Ecc

q,ex

�
H(Q̃) − R, Q̃, PY |X

�
, (27)

where Ecc
q,r (·, ·, ·) and Ecc

q,ex (·, ·, ·) are defined in (145) and (160),
respectively, and

Q(x) = CPX(x)
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

ea∗(x̄)

ea∗(x)

�
q(x̄, y)
q(x, y)

�s∗
!ρ∗

, (28)

Q̃(x) = C̃PX(x)

×

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea∗(x̄)

ea∗(x)

�
q(x̄, y)
q(x, y)

�s∗
1A 1

ρ∗

1CA
ρ∗

(29)

and C and C̃ are the normalization constants and s∗, ρ∗ and
a∗(·) in (28) and (29) are the optimizing choices, respectively
in (21) and (22) for rate R.

The following results are relative comparisons among the
exponents introduced in the previous theorems, stating the
families of metrics that attain the optimal exponent.

Corollary 1: For every mismatched decoder employing
decoding metric q(x, y), we have that

Eq,r(R) ≤ Ett
q,r(R) ≤ Er(R), (30)

where Er(R) is defined in (2) and the equality Ett
q,r(R) = Er(R)

holds for any

q(x, y) = eb(x)+c(y)PX|Y (x|y)τ (31)

with arbitrary b(x), c(y) and τ > 0. Furthermore, the equality
Eq,r(R) = Er(R) holds for any

q(x, y) = ec(y)PX|Y (x|y)τ (32)

with arbitrary c(y) and τ > 0.
Proof: The first inequality in (30) follows by setting a(x)

equal to a constant for all x in (21). To show the second
inequality we write the summation inside the logarithm in (21)
as X

y∈Y

PY (y)
�X

x∈X

PX|Y (x|y)e−ρa(x)q(x, y)−sρ
�

×

 X
x̄∈X

ea(x̄)q(x̄, y)s

!ρ
. (33)

We now apply Hölder’s inequality: X
i

a
1

1+ρ

i b
1

1+ρ

i

!1+ρ

≤

 X
i

ai

! X
i

b
1
ρ

i

!ρ
. (34)

Identifying ai = PX|Y (x|y)e−ρa(x)q(x, y)−sρ and bi =

(ea(x)q(x, y)s)ρ, we conclude that (33) is lower bounded byX
y∈Y

PY (y)

 X
x∈X

PX|Y (x|y)
1

1+ρ

!1+ρ

. (35)

The necessary and sufficient condition for equality in (34)

is that ai = cb
1
ρ

i for all i and some positive constant c.
Applying this to (33) for all y in outer summation, we show
that Ett

q,r(R) = Er(R) holds for any decoding metric of the
form given in (31). Similarly, rewriting the summation inside
logarithm in (15) and applying Hölder’s inequality we can
show that Eq,r(R) = Er(R) holds if and only if the decoding
metric is of the form given in (32). �

Corollary 1 shows that both type-by-type and standard
ensembles recover Er(R) with a family of metrics given
by (31) and (32), where the latter is a subset of the
former and both include the MAP decoding as a special
case.

In order to compare the mismatched error exponents
introduced in previous theorems with their matched coun-
terparts, we define the following matched expurgated
exponents.

Eex(R) = sup
ρ≥1,s≥0

ρR

− log
X
x∈X

0B@X
x̄∈X

0@X
y∈Y

PXY (x, y)
�

PX|Y (x̄|y)
PX|Y (x|y)

�s
1A 1

ρ

1CA
ρ

(36)
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Ett
ex(R) = sup

ρ≥1,a(·)
ρR − log

X
x∈X

PX(x)

×

0B@X
x̄∈X

0@X
y∈Y

ea(x̄)

ea(x)

p
PY |X(y|x)PY |X(y|x̄)

1A 1
ρ

1CA
ρ

(37)

Similarly to Corollary 1, we have the following.
Corollary 2: For every mismatched decoder employing

decoding metric q(x, y), we have that

Eq,ex(R) ≤ Ett
q,ex(R) ≤ Ett

ex(R), (38)

Eex(R) ≤ Ett
ex(R), (39)

and the equality Ett
q,ex(R) = Ett

ex(R) for all 0 ≤ R ≤ log |X |
holds for any

q(x, y) = eb(x)+c(y)PX|Y (x|y)τ (40)

with arbitrary b(x), c(y) and τ > 0, furthermore, the equality
Eq,ex(R) = Ett

ex(R) holds for a given 0 ≤ R ≤ log |X | for any

q(x, y) = ec(y)
�

ea(x)
p

PY |X(y|x)
�τ

(41)

where a(·) is the optimal choice for given R in (37) and choice
of c(y) and τ > 0 are arbitrary.

Proof: The first inequality in (38) follows by setting a(x)
equal to a constant for all x in (22). The second inequality
in (38) follows from [8]] and Proposition 1.

For a metric of the form given in (40), after some simplifi-
cation we can rewrite (22) as

Ett
q,ex(R) = sup

ρ≥1,s′≥0,r(·)
ρR − log

X
x∈X

×

0B@X
x̄∈X

0@X
y∈Y

PX,Y (x, y)
er(x̄)

er(x)

�
PY |X(y|x̄)
PY |X(y|x)

�s′
1A 1

ρ

1CA
ρ

, (42)

where s′ = τs and r(x) = ρa(x)+ sb(x)+ τs log PX(x). As can
be found in Section VII, we can rewrite this in similar form
to (171) as

Ett
q,ex(R) = min

Q

�
D(Q‖PX)

+ sup
ρ≥1

n
Ecc

x (Q, ρ) − ρ(H(Q) − R)
o�
, (43)

where

Ecc
x (Q, ρ) = sup

s′≥0,r(·)
−ρ
X
x∈X

Q(x) log
X
x̄∈X

Q(x̄)

×

0@X
y∈Y

PY |X(y|x)
er(x̄)

er(x)

�
PY |X(y|x̄)
PY |X(y|x)

�s′
1A 1

ρ

. (44)

It has been shown in [15] that s′ = 1
2 optimizes (44) while

the optimal choice of r(·) is unclear in general. Replacing the
latter optimal choice in (42) and further simplification results
in (37).

Replacing the metric q(x, y) in (16) with (41) and setting
s = 1

τ
results in (37).

The inequality in (39) follows by setting r(x) = s′ log PX(x)
in (42) which is an equivalent form of (37). �

Corollary 2 shows that both type-by-type and standard
ensembles recover Ett

ex(R) with a family of metrics given
by (40) and (41), where the earlier recovers the exponent for
full range of rates with the same metric whilst latter recovers
it with a different metric for each rate R.

C. Special Case: No Side Information

Specializing the result of Theorem 1 to block source coding
without side information, we recover the following exponent
for the case of using a mismatched metric q(x) as

Eq(R) = sup
ρ≥0,s≥0

ρR − log
X
x∈X

PX(x)

 X
x̄∈X

�
q(x̄)
q(x)

�s
!ρ

. (45)

For q(x) = PX (x)τP̄
x

PX (x̄)τ , τ > 0, which includes the matched

decoding as special case, the above exponent recovers the
exponent of the optimal code as [16]

E(R) = sup
ρ≥0

ρR − log

 X
x∈X

PX(x)
1

1+ρ

!1+ρ

. (46)

Theorem 2 recovers (46) independent of the employed
decoding metric. In particular, by setting a(x) = 1

1+ρ log PX(x)
and s = 0, the type-by-type exponent recovers the exponent
of the optimal source code (46).

D. Achievable Rates

In this section, we derive the achievable rates for both stan-
dard and type-by-type random coding ensembles. Noticing that
exponent is a convex function of the rate and the maximizing ρ
is the slope of the exponent curve, the achievable rates
for both random coding schemes can be obtained similarly
to [5, Ch. 5] by evaluating the partial derivative of the exponent
to find the rate at which ρ = 0 maximizes the exponent.

For the standard random coding case using (15) we find the
achievable rate as

Hq(X|Y) = inf
s≥0
−

X
x∈X ,y∈Y

PXY (x, y) log
q(x, y)sP

x̄∈X
q(x̄, y)s (47)

= H(X|Y) + inf
s≥0

D(PX|Y‖Q
(s)
X|Y ), (48)

where Q(s)
X|Y (x|y) =

q(x,y)sP
x̄∈X

q(x̄,y)s .

Similarly for the type-by-type random coding case
using (21) we find the achievable rate as

Htt
q (X|Y) = inf

s≥0,a(·)
−

X
x∈X ,y∈Y

PXY (x, y)

× log
q(x, y)sea(x)P

x̄∈X
q(x̄, y)sea(x̄) (49)

= H(X|Y) + inf
s≥0,a(·)

D(PX|Y‖Q
(s,a(·))
X|Y ), (50)

where Q(s,a(·))
X|Y (x|y) =

q(x,y)sea(x)P
x̄∈X

q(x̄,y)sea(x̄) .

By inspecting the optimization problems in (47) and (49)
we have that

Hq(X|Y) ≥ Htt
q (X|Y). (51)
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The expressions of the above achievable rates bear a strong
resemblance to their channel coding counterparts, the gener-
alized mutual information [17] achieved by iid coding, and
the LM rate [8], [18] achieved by constant composition codes.
Indeed, as shown next, these achievable rates can be expressed
as a function of the generalized mutual information and the
LM rate.

Corollary 3: The achievable rate Hq(X|Y) is related to
the generalized mutual information [17] of corresponding
channel WY |X(y|x) =

PXY (x,y)
PX (x) with decoding metric q̄(x, y) =

q(x, y)P(x)−
1
s∗ as

Hq(X|Y) = H(X) − IGMI
q̄ (PX ,WY |X) (52)

where s∗ is the optimizing parameter in (47) and

IGMI
q̄ (PX ,WY |X) = sup

s>0

X
x∈X ,y∈Y

PXY (x, y)

× log
q̄(x, y)sP

x̄∈X
PX(x̄)q̄(x̄, y)s (53)

is the generalized mutual information [17].
Proof: Denoting the objective in (47) as Hq,s(X|Y) we have

Hq,s(X|Y) = −
X

x∈X ,y∈Y

PXY (x, y) log
q(x, y)sP

x̄∈X
q(x̄, y)s

+
X
x∈X

PX(x) log PX(x) + H(X) (54)

= −
X

x∈X ,y∈Y

PXY (x, y) log
q(x, y)s

PX(x)
P
x̄∈X

q(x̄, y)s + H(X) (55)

= −
X

x∈X ,y∈Y

PXY (x, y) log
q̄(x, y)sP

x̄∈X
PX(x̄)q̄(x̄, y)s + H(X) (56)

= −Iq̄,s(PX ,WY |X) + H(X) (57)

where in (56) we have used the definition of decoding metric
q̄(x, y) = q(x, y)P(x)−

1
s . Taking the infimum of Hq,s(X|Y) over

s and denoting the corresponding s by s∗ we obtain (52). �
Corollary 4: The achievable rate Htt

q (X|Y) is related to the
LM rate [8], [18] of corresponding channel as

Htt
q (X|Y) = H(X) − ILM

q (PX ,WY |X). (58)

where

ILM
q (PX ,WY |X) = sup

s>0,b(·)

X
x∈X ,y∈Y

PXY (x, y)

× log
q(x, y)seb(x)P

x̄∈X
PX(x̄)q(x̄, y)seb(x̄) (59)

is the LM rate [8], [18].
Proof: Denoting the objective in (49) as Htt

q,s,a(X|Y) we have

Htt
q,s,a(X|Y) = −

X
x∈X ,y∈Y

PXY (x, y) log
q(x, y)sea(x)P

x̄∈X
q(x̄, y)sea(x̄)

+
X
x∈X

PX(x) log PX(x) + H(X) (60)

= −
X
x∈X
y∈Y

PXY (x, y) log
q(x, y)sea(x)

PX(x)
P
x̄∈X

q(x̄, y)sea(x̄) + H(X) (61)

Fig. 1. Error exponents for the source X and side information Y with
joint distribution given in (64). The mismatched decoder uses the minimum
Hamming distance metric.

= −
X
x∈X
y∈Y

PXY (x, y) log
q(x, y)seb(x)P

x̄∈X
PX(x̄)q(x̄, y)seb(x̄) + H(X) (62)

= −Iq,s,b(PX ,WY |X) + H(X), (63)

where (62) follows from replacing ea(x) = PX(x)eb(x). Now
taking the infimum of Htt

q,s,a(X|Y) over s and a(·) we
obtain (58). �

The achievability of the rate in (58), expressed in the primal
domain, was observed in [19, Corollary 1].

E. Numerical Example

We conclude this section with a numerical example. The
joint distribution of the source X with side information Y is
defined by the entries of the |X |× |Y | matrix

PXY =

240.588 0.006 0.006
0.03 0.24 0.03
0.02 0.02 0.06

35 (64)

with X = Y = {0, 1, 2}. We consider using a mismatched
decoder with a memoryless metric given by the matrix

q(x, y) =

241 − 2δ δ δ
δ 1 − 2δ δ
δ δ 1 − 2δ

35 (65)

with δ ∈
�
0, 1

3

�
. For any value of the δ ∈

�
0, 1

3

�
, the

corresponding decoder is exactly the same and is equivalent
to a minimum Hamming distance decoding metric. This is
because for any δ and δ′ in this range one can find an s′ ≥ 0
such that

� 1−2δ
δ

�s
=
� 1−2δ′

δ′

�s′
, so the optimization over s makes

the explicit choice of the δ irrelevant as long as it is in the
range of

�
0, 1

3

�
.

Figure 1 illustrates the exponents for the standard and
type-by-type ensembles with both matched and mismatched
decoders. The sphere-packing upper bound is also shown for
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reference. We observe that the type-by-type expurgated expo-
nent is higher for both matched and mismatched decoding.
Indeed, as discussed earlier, in the matched case, the random
coding components of Eq(R) and Ett

q (R) (for the rates below
the critical rate Rcr) both coincide with the sphere-packing
upper-bound. The corresponding achievable rates are marked
with dots in the figure. The conditional entropy H(X|Y) =

0.3879 nats is the limit for the matched case while in the
mismatched case we respectively have Hq(X|Y) = 0.4283 nats
and Htt

q (X|Y) = 0.4140 nats.

III. EXPURGATION METHOD

In this section we introduce the expurgation method for
source coding that is valid for any source and side information
model with arbitrary decoding metric. The method is based
on randomly generating codes for the source and removing
(expurgating) poor source sequences from the codes. We then
show that, there exists a code in the expurgated ensemble, such
that half of the source sequences meets a desired upper bound
on the error probability. Repeating this procedure enough
times we show that there exists a code in which all the
source sequences meet the desired upper bound on the error
probability. Details of the expurgation method are given in the
following, first for the standard random coding and then for
type-by-type random coding.

A. Standard Block Coding

Given a standard block source code C, the probability that
decoder ψ makes an error for a source sequence x is given by

pe(x, C) = P

2664 [
x̄∈X n\x
φ(x̄)=φ(x)

{q(x̄,Y) ≥ q(x,Y)}

3775 . (66)

Considering the standard random coding ensemble C
defined in Section I, pe(x,C) is a random variable for
every x. Applying Markov’s inequality to this random variable,
we obtain

P
h

pe(x,C)
1
ρ ≥ ηE

h
pe(x,C)

1
ρ

ii
≤

1
η
, (67)

for any ρ > 0 and η > 1. Equivalently we have

P
h

pe(x,C)
1
ρ ≤ ηE

h
pe(x,C)

1
ρ

ii
≥ 1 −

1
η
. (68)

For a given standard block source code C, denote by N0(C)
the number of source sequences x ∈ X n that satisfy

pe(x, C)
1
ρ ≤ ηE

h
pe(x,C)

1
ρ

i
. (69)

Over the standard random coding ensemble C, N0(C) is a
random variable. Similarly to [5, p. 151], we first observe that
the expected value of N0(C) can be lower bounded as

E
�
N0(C)

�
= E

"X
x∈X n

1

n
pe(x,C)

1
ρ ≤ ηE

h
pe(x,C)

1
ρ

io#
(70)

=
X
x∈X n

E
h
1

n
pe(x,C)

1
ρ ≤ ηE

h
pe(x,C)

1
ρ

ioi
(71)

=
X
x∈X n

P
h

pe(x,C)
1
ρ ≤ ηE

h
pe(x,C)

1
ρ

ii
(72)

≥ |X |n
�

1 −
1
η

�
(73)

where the last step follows from (68).
Now we choose η = 2 which yields 1 − 1

η
= 1

2 in (73).
Therefore, we conclude that there exists a standard block
code C in which at least half of the source sequences satisfy
the inequality

pe(x, C) ≤
�

2E
h

pe(x,C)
1
ρ

i�ρ
. (74)

Let us denote the set of above mentioned sequences as A1
where A1 ⊂ X n and |A1| ≥

|X n |

2 .
We now construct a code C1 for the set A1 from the

code C as follows: We keep all the sequences x ∈ A1
in C, which satisfy (74), and we expurgate rest of the sequences
x ∈ X n\A1 from code C. Note that removing source sequences
can only reduce the error probability of remaining ones.
This construction yields a code C1 which includes only the
sequences in A1 and for every x ∈ A1 we have

pe(x, C1) ≤
�

2E
h

pe(x,C)
1
ρ

i�ρ
. (75)

The rest of sequences in X n\A1 include at most half of
the original sequences. We now repeat the procedure to find
a good code from the standard random coding ensemble for
the sequences in X n\A1 (which we denote for simplicity
as C̄). Given a code C̄ from the ensemble C̄, the probability
of decoding error for a sequence x ∈ X n\A1 is given by (66)
with the only difference that now the corresponding union is
over x̄ ∈ X n\A1 instead of x ∈ X n. Therefore, the average
error probability of a source sequence in the new ensemble is
upper bounded by that of the original ensemble, i.e., for any
x ∈ X n\A1 we have

E
h

pe(x, C̄)
1
ρ

i
≤ E

h
pe(x,C)

1
ρ

i
. (76)

Now following similar steps as before we show existence of
a code C̄ from the ensemble C̄ in which at least half of the
remaining X n\A1 source sequences satisfy the inequality

pe(x, C̄) ≤
�

2E
h

pe(x, C̄)
1
ρ

i�ρ
(77)

≤

�
2E
h

pe(x,C)
1
ρ

i�ρ
. (78)

We denote by A2 the set of above mentioned sequences sat-
isfying (78) where A2 ⊂ X n\A1 and |A2| ≥

|X n |−|A1 |

2 . We now
construct a code C2 for the set A2 from the code C̄ following
similar expurgation step described above. This construction
yields a code C2 which includes only the sequences in A2 and
every sequence x ∈ A2 satisfies the desired bound as in (75).

The set X n\A1
S
A2 includes at most one forth of the

original sequences. By repeating this procedure k times, the
set X n\

Sk
i=1Ai includes at most a fraction 1

2k of the original
sequences. By choosing k = n log2 |X | we guarantee thatSk

i=1Ai = X n. Finally we construct the code Cex by combining
all Ci’s as Cex = {C1, · · · , Ck}. The code Cex includes all the
source sequences and every sequence satisfies the desired
bound as in (75). Considering the number of codewords in
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each iteration as M
k , the total number of codewords of the

final code Cex is M.
Therefore we proved the following lemma.
Lemma 1: There exists a code Cex in the standard random

coding ensemble such that for every source sequence x ∈ X n

and ρ ≥ 0
pe(x, Cex) ≤

�
2E
h

pe(x,C)
1
ρ

i�ρ
, (79)

where the expectation is over the standard random coding
ensemble with M

k codewords with k = n log2 |X |.

B. Type-by-Type Coding

Given a type-by-type block source code C, the probability
that decoder ψi yields an error for a source sequence x ∈ Tn(P̂i)
is given by

pe(x, Ci) = P

2664 [
x̄∈Tn(P̂i)\x
φ(x̄)=φ(x)

{q(x̄,Y) ≥ q(x,Y)}

3775 . (80)

We notice that the type-by-type ensemble C is a product of
random coding ensembles for each type Ci and we can use
the expurgation argument independently for each type. Here
we only focus on a given fixed type P̂i. Applying Markov’s
inequality to random variable pe(x,Ci), we obtain for
every x ∈ Tn(P̂i)

P
h

pe(x,Ci)
1
ρ ≥ ηE

h
pe(x,Ci)

1
ρ

ii
≤

1
η
, (81)

for any ρ > 0 and η > 1. Equivalently we have

P
h

pe(x,Ci)
1
ρ ≤ ηE

h
pe(x,Ci)

1
ρ

ii
≥ 1 −

1
η
. (82)

For a given type-by-type code Ci, denote by N0(P̂i, Ci) the
number of source sequences x ∈ Tn(P̂i) that satisfy

pe(x, Ci)
1
ρ ≤ ηE

h
pe(x,Ci)

1
ρ

i
. (83)

Over the random ensemble Ci, N0(P̂i,Ci) is a random variable.
Now choosing η = 2, and using (82) the expected value of
N0(P̂i,Ci) is bounded below as

E
�
N0(P̂i,Ci)

�
≥
|Tn(P̂i)|

2
. (84)

Therefore, we conclude that there exists a source code Ci for
type P̂i, such that at least half of the sequences of that type
satisfy the inequality

pe(x, Ci) ≤
�

2E
h

pe(x,Ci)
1
ρ

i�ρ
. (85)

Let us denote the set of above mentioned sequences as Ai1

where Ai1 ⊂ |Tn(P̂i)| and |Ai1| ≥
|Tn(P̂i)|

2 .
We now construct a code Ci1 for the set Ai1 from the

code Ci as follows: We keep all the sequences x ∈ Ai1 in Ci,
which satisfy (85), and we expurgate rest of the sequences
x ∈ Tn(P̂i)\Ai1 from code Ci. Note that removing source
sequences can only reduce the error probability of remaining
ones.

The rest of sequences in Tn(P̂i)\Ai1 include at most half of
the sequences from type P̂i. We now repeat the procedure by

considering the random coding ensemble for the remaining
sequences Tn(P̂i)\Ai1 (denoted by C̄i) and finding a good
code C̄i from this ensemble and constructing a code Ci2 for the
set Ai2. Similarly to the analysis in III-A we apply this proce-
dure successively for at most ki = log2 |Tn(P̂i)| ≤ n log2 |X |
times and we guarantee that

Sk
j=1Ai j = Tn(P̂i). Finally

we construct the code Cex,i by combining all codes Ci j as
Cex,i = {Ci1, · · · , Ciki }. The code Cex,i includes all the source
sequences in Tn(P̂i) and every sequence satisfies the desired
bound as in (85). Considering the number of codewords in
each iteration as M

ki |Pn(X )| , the total number of codewords of
the code Cex,i is M

|Pn(X )| . In a similar way we obtain the code
for every type and combine those to construct the type-by-type
code Cex.

Lemma 2: There exists a code Cex = {Cex,1, · · · , Cex,|Pn(X )|} in
the type-by-type random coding ensemble such that for every
i ∈ {1, · · · , |Pn(X )|} and for every source sequence x ∈ Tn(P̂i)
and ρ ≥ 0

pe(x,Cex) ≤
�

2E
h

pe(x,Ci)
1
ρ

i�ρ
, (86)

where the expectation is over the random coding ensem-
ble for the corresponding type with M

ki |Pn(X )| codewords and
ki = log2 |Tn(P̂i)| ≤ n log2 |X |.

IV. CONCLUSION

We have introduced an expurgation method for source cod-
ing that is valid for general source and side information models
and arbitrary decoding metrics. Building on the developed
expurgation method, we have derived dual-domain multi-letter
upper bounds on the error probability of an expurgated code.
We have further specialized the bounds to memoryless source
models and memoryless mismatched decoding metrics and
derived two achievable exponents for the standard and type-
by-type random coding ensembles; the latter is shown to
coincide with the Csiszár and Körner’s exponent. We have
shown existence of a code in each ensemble that achieves the
maximum of the corresponding random coding and expurgated
exponent. While the expurgated exponent of the standard
ensemble is shown to be weaker of the two, its derivation
is relatively simpler and does not rely on the method of types.

V. PROOF OF THEOREM 1

Lemma 1 showed the existence of a good code in the
standard random coding ensemble which satisfies an upper
bound on the error probability for every source sequence. Here
we show that this code achieves the exponent of Theorem 1.
We first show the achievability of Eq,ex(R) and then Eq,r(R).

We start by bounding pe(x, C) for a given source
sequence x and given standard code C as follows

pe(x, C) = P

2664 [
x̄∈X n\x
φ(x̄)=φ(x)

{q(x̄,Y) ≥ q(x,Y)}

3775 (87)

=
X
y∈Yn

PY|X(y|x)1

2664 [
x̄∈X n\x
φ(x̄)=φ(x)

{q(x̄, y) ≥ q(x, y)}

3775 (88)
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≤
X
y∈Yn

PY|X(y|x)
X

x̄∈X n\x
φ(x̄)=φ(x)

1
�
q(x̄, y) ≥ q(x, y)

�
(89)

≤
X

x̄∈X n\x

1
�
φ(x̄) = φ(x)

�X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s

, (90)

where we use union bound in (89) and the upper-bound
1
�
q(x̄, y) ≥ q(x, y)

�
≤

�
q(x̄,y)
q(x,y)

�s
with s ≥ 0 in (90).

Now considering the ensemble of random standard block
source codes and denoting the induced random encoding
function by Φ(·), we upper bound the E

h
pe(x,C)

1
ρ

i
using (90)

as follows

E
h

pe(x,C)
1
ρ

i
≤ E

240@ X
x̄∈X n\x

1 [Φ(x̄) = Φ(x)]

×
X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

375 (91)

≤
X
x̄∈X n

E [1 [Φ(x̄) = Φ(x)]]

×

0@X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

(92)

≤
k
M

X
x̄∈X n

0@X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

(93)

where (92) follows from inequality
�P

i
ai

� 1
ρ

≤
P

i
a

1
ρ

i for

ρ ≥ 1 and including x̄ = x in the summation, (93) follows
from E [1 [Φ(x̄) = Φ(x)]] ≤ k

M where k = n log2 |X | is an upper
bound on the number of iterations in expurgation method.

Now substituting (93) in (79) from Lemma 1 and summing
over all source sequences we find an upper bound on the error
probability of the codebook Cex as

pe(Cex) =
X
x∈X n

PX(x)pe(x, Cex) (94)

≤
X
x∈X n

PX(x)
�

2E
h

pe(x,C)
1
ρ

i�ρ
(95)

≤
X
x∈X n

0B@2k
M

X
x̄∈X n

0@X
y∈Yn

PXY(x, y)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

(96)

Equation (96) is valid for any discrete source and any decod-
ing metric. We now specialize this to the case of memoryless
sources and metrics, using q(x, y) =

Qn
i=1 q(xi, yi). Therefore

we obtain

pe(Cex) ≤
�

2k
M

�ρ
×

0B@X
x∈X

0B@X
x̄∈X

0@X
y∈Y

PXY (x, y)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ1CA

n

(97)

= e−n(ρ(R−δn)−Ex(ρ,s)) (98)

where R =
log M

n , δn =
log(2n log2 |X |)

n → 0 as n→ ∞ and

Ex(ρ, s)

= log
X
x∈X

0B@X
x̄∈X

0@X
y∈Y

PXY (x, y)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

. (99)

Hence, we show the achievability of the exponent Eq,ex(R)
by optimizing over ρ, s as

Eq,ex(R) = max
ρ≥1,s≥0

ρR − Ex(ρ, s). (100)

To show that the same code of Lemma 1 achieves Eq,r(R)
we use (79) of Lemma 1 with ρ = 1, and obtain

pe(x, Cex) ≤ 2E
�
Pe(x,C)

�
. (101)

Averaging over all source sequences we obtain

pe(Cex) =
X
x∈X n

PX(x)pe(x, Cex) (102)

≤ 2
X
x∈X n

PX(x)E
�
Pe(x,C)

�
(103)

= 2E

"X
x∈X n

PX(x)Pe(x,C)

#
(104)

= 2E
�
pe(C)

�
, (105)

which shows that the error probability of Cex is upper bounded
by twice the ensemble average error probability.

Now we derive an upper bound on the ensemble average
error probability following the derivations in [2].

We start by bounding pe(y, C) for a given side information
sequence y and given standard code C as follows

pe(y, C)

=
X
x∈X n

PX|Y(x|y)1

2664 [
x̄∈X n\x
φ(x̄)=φ(x)

q(x̄, y) ≥ q(x, y)

3775 (106)

≤
X
x∈X n

PX|Y(x|y)

0BB@ X
x̄∈X n\x
φ(x̄)=φ(x)

1
�
q(x̄, y) ≥ q(x, y)

�1CCA
ρ

(107)

=
X
x∈X n

PX|Y(x|y)

0BB@ X
x̄∈X n\x
φ(x̄)=φ(x)

1
�
q(x̄, y) ≥ q(x, y)

�1CCA
ρ

(108)

≤
X
x∈X n

PX|Y(x|y)

0BB@ X
x̄∈X n\x
φ(x̄)=φ(x)

�
q(x̄, y)
q(x, y)

�s

1CCA
ρ

, (109)

where (107) follows from using the inequality 1

�S
i

Ai

�
≤�P

i
1 [Ai]

�ρ
for any set of events {Ai} and ρ ∈ [0, 1] and

(109) holds for any s ≥ 0.
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Now considering the ensemble of random standard block
source codes we upper bound the E

�
pe(y,C)

�
using (109) as

follows

E
�
pe(y,C)

�
≤
X
x∈X n

PX|Y(x|y)E

2664
0BB@ X

x̄∈X n\x
φ(x̄)=φ(x)

�
q(x̄, y)
q(x, y)

�s

1CCA
ρ3775 (110)

≤
X
x∈X n

PX|Y(x|y)

×

0@ X
x̄∈X n\x

�
q(x̄, y)
q(x, y)

�s

E [1 [Φ(x̄) = Φ(x)]]

1Aρ

(111)

≤

�
k
M

�ρ X
x∈X n

PX|Y(x|y)

 X
x̄∈X n

�
q(x̄, y)
q(x, y)

�s
!ρ

(112)

where (111) follows from Jensen’s inequality and the con-
cavity of xρ for ρ ∈ [0, 1] and (112) follows from
E [1 [Φ(x̄) = Φ(x)]] ≤ k

M and including x̄ = x in the
summation.

Averaging over all side information sequences we obtain an
upper bound on the ensemble average error probability as

E
�
pe(C)

�
=
X
y∈Yn

PY(y)E
�
pe(y,C)

�
(113)

≤

�
k
M

�ρ X
x∈X n,y∈Yn

PXY(x, y)

 X
x̄∈X n

�
q(x̄, y)
q(x, y)

�s
!ρ

(114)

where (114) holds for any ρ ∈ [0, 1] and s ≥ 0. Introducing
(114) in (105) and particularizing it to the case of memoryless
sources and metrics we obtain

pe(Cex) ≤ 2
�

k
M

�ρ
×

0@ X
x∈X ,y∈Y

PXY (x, y)

 X
x̄∈X

�
q(x̄, y)
q(x, y)

�s
!ρ1An

(115)

= e−n(ρ(R−δn)−Es(ρ,s)−δ′n) (116)

where δn =
log k

n → 0 and δ′n =
log 2

n → 0 as n→ ∞ and

Es(ρ, s) = log
X

x∈X ,y∈Y

PXY (x, y)

 X
x̄∈X

�
q(x̄, y)
q(x, y)

�s
!ρ

(117)

Hence, we show the achievability of the exponent Eq,r(R) by
optimizing over ρ, s as in (15).

VI. PROOF OF THEOREM 2

Lemma 2 showed the existence of a good code in the type-
by-type random coding ensemble which satisfies an upper
bound on the error probability for every source sequence. Here
we show that this code achieves the exponent of Theorem 2.
As for the proof in the previous section, we first show the
achievability of Ett

q,ex(R) and then that of Ett
q,r(R).

We start by bounding Pe(x, Ci) for a given source sequence
x ∈ Tn(P̂i) and given type-by-type code C with subcode Ci for
type P̂i as follows

Pe(x, Ci) = P

2664 [
x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

{q(x̄,Y) ≥ q(x,Y)}

3775 (118)

=
X
y∈Yn

PY|X(y|x)1

2664 [
x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

{q(x̄,Y) ≥ q(x,Y)}

3775 (119)

≤
X
y∈Yn

PY|X(y|x)
X

x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

1
�
q(x̄, y) ≥ q(x, y)

�
(120)

≤
X

x̄∈Tn(P̂i)\x

1
�
φi(x̄) = φi(x)

�
×
X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s

(121)

where we use union bound in (120) and (121) holds for any
s ≥ 0.

Now considering the ensemble of random type-by-type
codes and denoting the induced random encoding function
by Φi(·), we upper bound the E

h
Pe(x,Ci)

1
ρ

i
using (121) as

follows

E
h
Pe(x,Ci)

1
ρ

i
≤ E

240@ X
x̄∈Tn(P̂i)\x

1 [Φi(x̄) = Φi(x)]

×
X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

375 (122)

≤
X

x̄∈Tn(P̂i)\x

E [1 [Φi(x̄) = Φi(x)]]

×

0@X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

(123)

≤
ki|Pn(X )|

M

X
x̄∈Tn(P̂i)

0@X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s
1A 1

ρ

(124)

where (123) follows from inequality
�P

i
ai

� 1
ρ

≤
P

i
a

1
ρ

i for

ρ ≥ 1 and including x̄ = x in the summation, (124) follows
from E [1 [Φi(x̄) = Φi(x)]] ≤ ki |Pn(X )|

M where ki = log2 |Tn(P̂i)|
is an upper bound on the number of iterations in expurgation
method for the type-by-type coding.

Now substituting (124) in (86) from Lemma 2 we find an
upper bound on the error probability of every sequence x ∈
Tn(P̂i) in the codebook Cex,i as

pe(x, Cex,i) ≤
�

2ki|Pn(X )|
M

×
X

x̄∈Tn(P̂i)

�X
y∈Yn

PY|X(y|x)
�

q(x̄, y)
q(x, y)

�s� 1
ρ
�ρ

(125)
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Notice that using (125) and summing over all source
sequences x ∈ Tn(P̂i) we can find an upper bound that depends
on the type P̂i. Therefore, resulting upper bound on the error
probability of the codebook C requires maximization over the
type. In order to find a simpler bound we can weaken the
bound in (125) by including all x̄ in the sum, however to
keep the bound tight we introduce ratio of an arbitrary cost
function as ea(x̄)

ea(x) where the cost function a(x) depends on the
sequence x only through its type. Observe that the ratio is
equal to 1 when both x and x̄ have the same type, also this
cost function can be optimized for to obtain the tightest bound.
Simplifying (125), summing over all source sequences and
upper-bounding ki by k = n log2 |X | we obtain

pe(Cex) =

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX(x)pe(x, Cex,i) (126)

≤

�
2k|Pn(X )|

M

�ρ X
x∈X n

PX(x)

×

0B@X
x̄∈X n

0@X
y∈Yn

PY|X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

. (127)

Equation (127) is valid for any discrete source and any
decoding metric. We now specialize this to the case of mem-
oryless sources, metrics, and cost functions using q(x, y) =Qn

i=1 q(xi, yi) and a(x) =
nP

i=1
a(xi). Therefore we obtain

pe(Cex) ≤
�

2k|Pn(X )|
M

�ρ  X
x∈X

PX(x)

×

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ1CA

n

(128)

= e−n(ρ(R−δn)−Ett
x (ρ,s,a(·))) (129)

where δn =
log 2k|Pn(X )|

n → 0 as n → ∞ and Ex(ρ, s, a(·))
is given in (24). Hence, we show the achievability of the
exponent Eq,ex(R) by optimizing over ρ, s, a(·) as

Ett
q,ex(R) = max

ρ≥1,s≥0,a(·)
ρR − Ex(ρ, s, a(·)). (130)

To show that the same code of Lemma 2 achieves Ett
q,r(R)

we use (86) of Lemma 2 with ρ = 1, and obtain that for every
source sequence x ∈ Tn(P̂i)

pe(x,Cex) ≤ 2E
�
Pe(x,Ci)

�
. (131)

Averaging over all source sequences similar to the proof of
Theorem 1 we obtain

pe(Cex) ≤ 2E
�
pe(C)

�
, (132)

which shows that the error probability of Cex is upper bounded
by twice the average error probability over type-by-type
ensemble.

Now we derive an upper bound on the type-by-type
ensemble average error probability following similar steps as
Section V.

We start by bounding pe(y,C) for a given side information
sequence y and given type-by-type code C as follows

pe(y,C) =

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

× 1

2664 [
x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

{q(x̄, y) ≥ q(x, y)}

3775 (133)

≤

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

×

0BB@ X
x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

1
�
q(x̄, y) ≥ q(x, y)

�1CCA
ρ

(134)

≤

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

×

0BB@ X
x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

�
q(x̄, y)
q(x, y)

�s

1CCA
ρ

, (135)

where (134) follows from using the inequality 1

�S
i

Ai

�
≤�P

i
1 [Ai]

�ρ
for any set of events {Ai} and ρ ∈ [0, 1] and

(135) holds for any s ≥ 0.
Now considering the ensemble of random type-by-type

block source codes we upper bound the E
�
pe(y,C)

�
using

(135) as follows

E
�
pe(y,C)

�
≤

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

× E

2664
0BB@ X

x̄∈Tn(P̂i)\x
φi(x̄)=φi(x)

�
q(x̄, y)
q(x, y)

�s

1CCA
ρ3775 (136)

≤

|Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

×

0@ X
x̄∈Tn(P̂i)\x

�
q(x̄, y)
q(x, y)

�s

E [1 [Φi(x̄) = Φi(x)]]

1Aρ

(137)

≤

�
ki|Pn(X )|

M

�ρ |Pn(X )|X
i=1

X
x∈Tn(P̂i)

PX|Y(x|y)

×

0@ X
x̄∈Tn(P̂i)

�
q(x̄, y)
q(x, y)

�s
1Aρ

(138)

≤

�
k|Pn(X )|

M

�ρ
×
X
x∈X n

PX|Y(x|y)

 X
x̄∈X n

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

, (139)
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where (137) follows from Jensen’s inequality and the con-
cavity of xρ for ρ ∈ [0, 1] and (138) follows from
E [1 [Φ(x̄) = Φ(x)]] ≤ k

M and (139) follows from weakening
the bound by upper bounding ki with k = n log2 |X | and
including all x̄ in the sum, however to keep the bound tight
we introduce ratio of an arbitrary cost function as ea(x̄)

ea(x) where
the cost function depends on the sequence x only through its
type.

Averaging over all side information sequences we obtain
an upper bound on the type-by-type ensemble average error
probability as

E
�
pe(C)

�
=
X
y∈Yn

PY(y)E
�
pe(y,C)

�
(140)

≤

�
k|Pn(X )|

M

�ρ
×
X
x∈X n

y∈Yn

PXY(x, y)

 X
x̄∈X n

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

, (141)

where (141) holds for any ρ ∈ [0, 1] and s ≥ 0. Introducing
(141) in (132) and particularizing it to the case of memoryless
sources, metrics and cost functions we obtain

pe(Cex) ≤ 2
�

k|Pn(X )|
M

�ρ
×

0@ X
x∈X ,y∈Y

PXY (x, y)

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ1An

(142)

= e−n(ρ(R−δn)−Ett
s (ρ,s,a)−δ′n) (143)

where δn =
log k|Pn(X )|

n → 0 and δ′n =
log 2

n → 0 as n → ∞ and
Ett

s (ρ, s, a(·)) is given in (23). Hence, we show the achievability
of the exponent Ett

q,r(R) by optimizing over ρ, s, a(·) as in (21).

VII. PROOF OF PROPOSITION 1: PRIMAL-DUAL
EQUIVALENCE

We start by showing the equivalence of (10) to (21).
We rewrite (10) as

Eck
q,r(R) = min

Q

˚
D(Q‖PX) + Ecc

q,r

�
H(Q) − R,Q, PY |X

� 	
, (144)

Ecc
q,r(H(Q) − R,Q, PY |X)

= min
PX̂X̃Ỹ∈T (Q)

n
D(PỸ |X̃‖PY |X |PX̃)

+ |I(Ỹ; X̂) + R − H(Q)|+
o
, (145)

where we use PX̃ = Q and the identity

D(PX̃Ỹ‖PXY ) = D(PX̃‖PX) + D(PỸ |X̃‖PY |X |PX̃). (146)

to split the minimization in (10).
Defining

S(Q) =
˚
PX̃Ỹ ∈ P(X × Y) : PX̃ = Q

	
, (147)

T (PX̃Ỹ ,Q) =

�
P̃X̂Ỹ ∈ P(X × Y) : P̃X̂ = Q, P̃Ỹ = PỸ ,

EP̃
�
log q(X̂, Ỹ)

�
≥ EP

�
log q(X̃, Ỹ)

� �
, (148)

we can rewrite (145) as

Ecc
q,r(H(Q) − R,Q, PY |X) = min

PX̃Ỹ∈S(Q)
min

P̃X̂Ỹ∈T (PX̃Ỹ ,Q)

n
D(P̃Ỹ |X̂‖PỸ |X̃ |PX̃)

+ |I(Ỹ; X̂) + R − H(Q)|+
o
. (149)

The dual form of the constant composition random coding
error exponent in (149) is derived in [20], using which we
rewrite it as

Ecc
q,r(H(Q) − R,Q, PY |X)

= max
ρ∈[0,1]

Ecc
0 (Q, ρ) − ρ(H(Q) − R), (150)

where

Ecc
0 (Q, ρ) = sup

s≥0,b(·)
−
X
x∈X

Q(x) log
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

Q(x̄)
eb(x̄)

eb(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

. (151)

Defining ea(x) = Q(x)eb(x), we can rewrite (170) as

Ecc
0 (Q, ρ)

= sup
s≥0,a(·)

−
X
x∈X

Q(x) log
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

Q(x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

(152)

= ρH(Q) + sup
s≥0,a(·)

−
X
x∈X

Q(x) log
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

. (153)

Introducing (153) in (150) and later in (144), noting that the
objective in (144) is convex in Q and using Fan’s minimax
theorem interchanging the minimum and supremum we obtain

Eck
q,r(R) = sup

ρ≥1

(
ρR + sup

s≥0,a(·)
min

Q
L

)
, (154)

where

L =
X
x∈X

Q(x) log
Q(x)
PX(x)

−
X
x∈X

Q(x) log
X
y∈Y

PY |X(y|x)

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

. (155)

Setting ∂L
∂Q = 0 we find the minimizing distribution as the

following mismatched tilted distribution

Q(x) = CPX(x)
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

, (156)

where C is the normalization constant given by

C−1 =
X
x∈X

PX(x)
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

. (157)
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From (156) we have

Q(x)
CPX(x)

=
X
y∈Y

PY |X(y|x)

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

,

replacing it in (155) we obtain

min
Q

L = − log
X
x∈X

PX(x)
X
y∈Y

PY |X(y|x)

×

 X
x̄∈X

ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
!ρ

. (158)

Plugging (158) into (154) we obtain the dual
form of the type-by-type random coding exponent
in (21).

To show the equivalence of (11) to (22). We rewrite (11)
as

Eck
q,ex(R) = min

Q

˚
D(Q‖PX) + Ecc

q,ex

�
H(Q) − R,Q, PY |X

�	
,

(159)

where

Ecc
q,ex(H(Q) − R,Q, PY |X) =

min
PX̂X̃Ỹ∈T (Q)
H(X̂|X̃)≥R

˚
D(PỸ |X̃‖PY |X |PX̃)+I(X̃Ỹ; X̂)+R−H(Q)

	
(160)

and

T (Q) =

�
PX̂X̃Ỹ ∈ P(X × X × Y) : PX̂ = PX̃ = Q,

E
�
log q(X̂, Ỹ)

�
≥ E

�
log q(X̃, Ỹ)

� �
, (161)

where we use PX̃ = Q and the identity (146) to split the
minimization in (11).

Defining

S(Q) =
˚
P̃X̂X̃ ∈ P(X × X ) : P̃X̂ = P̃X̃ = Q

	
, (162)

T (P̃X̂X̃) =
n

PX̂X̃Ỹ ∈ P(X × X × Y) : PX̂X̃ = P̃X̂X̃ ,

E
�
log q(X̂, Ỹ)

�
≥ E

�
log q(X̃, Ỹ)

� o
, (163)

we can rewrite (160) as

Ecc
q,ex(H(Q) − R,Q, PY |X)

= min
P̃X̂X̃∈S(Q)
H(X̂|X̃)≥R

min
PX̂X̃Ỹ∈T (P̃X̂X̃ )

n
D(PX̂X̃Ỹ‖P̃X̂X̃ × PY |X)

+ R − H(X̂|X̃)
o
, (164)

where we use [8]]as

D(PỸ |X̃‖PY |X |PX̃) + I(X̃Ỹ; X̂)

= D(PX̂X̃Ỹ‖P̃X̂X̃ × PY |X) + I(X̃; X̂). (165)

For a given P̃X̂X̃ ∈ S(Q), R − H(X̂|X̃) is constant, therefore
we consider the optimization problem

min
PX̂X̃Ỹ∈T (P̃X̂X̃ )

D(PX̂X̃Ỹ‖P̃X̂X̃ × PY |X). (166)

The dual of this optimization problem has been found
in [15, Appendix B]. Using very similar arguments
we find the following equivalent forms of (164)
as

Ecc
q,ex(H(Q) − R,Q, PY |X)

= sup
s≥0

min
PXX̄ :PX=Q,PX̄=Q

H(X̄|X)≥R

EP
�
ds(X, X̄)

�
+ R − H(X̄|X), (167)

= sup
ρ≥1

Ecc
x (Q, ρ) − ρ(H(Q) − R), (168)

where

ds(x, x̄) = − log
X

y

PY |X(y|x)
�

q(x̄, y)
q(x, y)

�s

, (169)

and

Ecc
x (Q, ρ) = sup

s≥0,b(·)
−ρ
X
x∈X

Q(x) log
X
x̄∈X

Q(x̄)

×

0@X
y∈Y

PY |X(y|x)
eb(x̄)

eb(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

. (170)

Using (168) in (159) we obtain

Eck
ex(R) = min

Q

n
D(Q‖PX)

+ sup
ρ≥1

�
Ecc

x (Q, ρ) − ρ(H(Q) − R)
� o
, (171)

Defining ea(x) = Q(x)ρeb(x), we can rewrite (170) as

Ecc
x (Q, ρ)

= sup
s≥0,a(·)

−ρ
X
x∈X

Q(x) log
X
x̄∈X

Q(x)

×

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

(172)

= ρH(Q) + sup
s≥0,a(·)

−ρ
X
x∈X

Q(x)

× log
X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

(173)

Introducing (173) in (171), noting that the objective
in (171) is convex in Q and using Fan’s minimax
theorem interchanging the minimum and supremum we
obtain

Eck
ex(R) = sup

ρ≥1

(
ρR + sup

s≥0,a(·)
min

Q
L

)
, (174)

where

L =
X
x∈X

Q(x) log
Q(x)
PX(x)

− ρ
X
x∈X

Q(x)

× log
X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

. (175)
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Setting ∂L
∂Q = 0 we find the minimizing distribution as the

following mismatched tilted distribution

Q(x) = CPX(x)

×

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

(176)

where C is the normalization constant given by

C−1 =
X
x∈X

PX(x)

×

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

. (177)

From (176) we have

Q(x)
CPX(x)

=

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

,

replacing it in (175) we obtain

min
Q

L = − log
X
x∈X

PX(x)

×

0B@X
x̄∈X

0@X
y∈Y

PY |X(y|x)
ea(x̄)

ea(x)

�
q(x̄, y)
q(x, y)

�s
1A 1

ρ

1CA
ρ

. (178)

Plugging (178) into (174) we obtain the dual form of the type-
by-type expurgated exponent in (22).
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